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Abstract
Abstract
In this bachelor thesis, possible kinetic terms and couplings of standard fields
in MacDowell-Mansouri-Stelle-West gravity are studied with some aspects of
group theory in mind. Possible obstructions to these couplings are considered
and used to make statements about the validity of the theory when coupled to
matter. While interactions themselves turn out to be mostly unaffected except
for scalar fields, the theory fails at its goal of putting gravity on equal footing
with Yang-Mills theories. This happens with the kinetic term for spin-1 gauge
fields and spin-0 ones, as one needs auxiliary fields to ensure manifest covari-
ance with respect to the internal group SO(2, 3).
In dieser Bachelorarbeit werden mögliche kinetische Terme sowie Wechsel-
wirkungen von Standardfeldern in MacDowell-Mansouri-Stelle-West Gravita-
tion betrachtet. Hierbei werden gruppentheoretische Aspekte in Betracht gezo-
gen. Es werden mögliche Einschränkungen auf die gefundenen Wechselwirkun-
gen diskutiert und damit die Validität der Theorie eingeschätzt, wenn diese an
Materie gekoppelt wird. Auch wenn Wechselwirkungen größtenteils unverän-
dert bleiben, so müssen die kinetischen Terme von sowohl Spin-1 als auch Spin-
0 durch Hilfsfelder augmentiert werden. Das Ziel des MacDowell-Mansouri-
Formalismus, Gravitation und Yang-Mills Theorie anzugleichen, kann somit
nicht erfüllt werden, wenn manifeste Kovarianz mit Bezug auf die interne
SO(2, 3) erreicht werden will.
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1 Preface
After the undisputed success of general relativity (GR) or Einstein gravity
(EG) at describing the intermediate- and large-scale behaviour of gravity, re-
formulations and extensions of said theories became paramount. While many
formulations intend to modify the predictions of EG, others take a more con-
servative approach. Often, this happens in an attempt to find possible UV
completions of gravity, for example by including additional terms in the equa-
tions of motion. In these formulations, one rewrites the theory to reach a
form which gives the same predictions, but leads naturally to more generalised
theories. The primary example of this approach is in the Palatini formulation
of EG [1], which is equivalent to GR in regular cases, but canonically allows
the coupling of fermionic matter to gravity. In this scenario, the presence of
incompatible data (the existence of gravitating fermions and the absence of
spinor representations of GL(n) [2]) leads to a different theory, which has other
features, but can be related to the typical one under standard circumstances.
This new formulation, however, has suggestive structures that did not exist in
standard GR and make it more alike to gauge theories.
Starting off there, more or less conservative extensions of EG exist, for ex-
ample in the form of Einstein-Cartan theory [3] or the Holst action [4], which,
in spirit, lead to even more elaborate reworks, extending even into quantal
systems. In this way, a reformulation leads to new ideas by making use of
different structures. From this perspective, MacDowell-Mansouri-Stelle-West
(MMSW) gravity [5,6,7], a reformulation of EG as a "quasi -Yang-Mills theory",
is worth considering due to its potential as a stepping stone to other, more
interesting insights.
However, most of the considerations of said theory are set in a pure gravity
scenario. The issue of coupling it to matter has been raised before [8] and re-
cieved multiple answers [9], most of which, though, often exclude an essential
element of MMSW: Manifest gauge invariance under SO(2, 3). In these cou-
pling prescriptions, one either works purely in the reduced invariance phase, or
one uses a reformulation of MMSW as a Background-Field theory with matter
added as defects in the sense of condensed matter theory, which gives rise to
well-known actions for point and string matter in a curved background. [10,11]
As these methods demonstrate, a coupling is typically possible. However, in
this thesis, I will look at this problem with a bit of representation theory in
mind to elucidate some of the field content. The structure of this thesis is
as follows: First, MMSW will be presented in the relevant form. Following
on this, the representation theory of the internal invariance group will be laid
out, then used to analyse the spin content of some fields. Then, individually,
kinetic interaction terms will be considered for s = 0, 1
2
and s = 1 gauge fields.
As a conclusion, some problematic aspects of the framework are discussed.
1

2 MMSW Gravity
In this section, the setting of the investigations in this thesis is given. First, a
quick review of the Palatini form of EG is given, after which MMSW will be
presented independently in a metric-free form. Then, the relation between the
two and GR will be shown and issues with this formalism will be deduced.
2.1 Prologue: The Palatini action
In the following, be dim(M) = n = 4 the dimension of spacetime. GR is a
formalism of gravity which is based on the framework of Riemannian geome-
try. It centers on a pseudo-Riemannian metric that is defined on the tangent
bundle TM of a spacetime manifold. From this metric, one generates a metric-
compatible, torsion free, affine connection on TM , the Levi-Civita connection,
which gives notions of parallel transport of tensors of TM . [12] This viewpoint
is successful due to its constrained nature and capability to give physical in-
terpretations, but it lacks some features one might desire. In particular, there
is no obvious way to include spinors of any kind in this scheme, as these do
not transform as tensors of GL(n), and an affine connection does not allow for
the transport of these objects. [12,2]
The Palatini formulation of EG changes this situation by ditching the metric
tensor as a free variable. The intuition is as follows: One chooses an or-
thonormal frame at each point in spacetime, ea = eµa∂µ, a ∈ {0, 1, 2, 3}, µ a
coordinate basis index, in which the metric tensor will have the component
expression of flat spacetime, g(ea, eb) = ηab, at each point. One also introduces
a similar set of one-forms θa = θaµdxµ which form a so-called coframe, which
is required to satisfy θa(ea) = δab . With this choice, the cometric also satisfies
g−1(θa, θb) = ηab.
The actual construction is slightly more geometrical. I follow the exposition of
Wise [8] and occasionally use identities from Nakahara. [12] One introduces a real
vector bundle of rank n called the fake tangent bundle T, which is equipped
with a fixed, canonical metric η, the one of flat spacetime. Then, one intro-
duces a vector bundle morphism θ : TM → T, which one typically requires to
be an isomorphism of vector bundles. When TM is trivialisable, θ gives rise
to a coframe, by restricting to a map θp : TpM → R1,3 ∀p ∈M . The metric on
T gives rise to one on TM via pullback through θ:
g(u, v) := η(θ(u), θ(v)) (2.1)
or in components
gµν = η(θ(∂µ), θ(∂ν)) = ηabθ
a
µθ
b
ν (2.2)
This expresses the metric in terms of the morphism θ. However, one still needs
a notion of parallel transport which is metric-compatible. This is achieved, for
3
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example, by assuming the existence of a principal connection ω on a principal
SO(1, 3)-bundle overM . By realising T as a bundle associated to this principal
bundle, one has a fitting, metric compatible connection on it, which may be
pulled back to TM just like η. One thus has an R1,3-valued one-form and
an so(1, 3)-valued connection one-form on M , which allow one to reconstruct
the affine connection of GR, with the tetrad reconstructed from θ and the
connection coefficients from θ and ω. Note that one does not a priori require
the affine connection to be torsion-free. Indeed, the Palatini action will force
the torsion to vanish when going on-shell in the vacuum.
The connection to regular covariant differentiation is given by
(∇µV ) = (D˙µV )aea (2.3)
which uniquely connects the two connections via
Γρµσ = e
ρ
a(D˙µθ)
a
σ = −θρa(D˙µe)aσ (2.4)
But one has to keep in mind that the two connections will only be equal on-
shell. The Palatini action is
SPal =
1
2κ
∫
M
R ∧ θ ∧ θ = 1
2κ
∫
M
εabcdθ
a ∧ θb ∧Rcd (2.5)
with R the curvature two-form of ω, given by R = dω+ 1
2
[ω, ω]. Also, the ∧ in
(2.5) acts as expected on the R1,3 and so(1, 3) Lie algebra parts of the forms
involved.
One may also include a cosmological constant term by
SPal,Λ =
1
2κ
∫
M
R ∧ θ ∧ θ − Λ
6
θ ∧ θ ∧ θ ∧ θ (2.6)
This action has as its variables the bundle morphism θ, here seen as a R1,3-
valued one-form and an so(1, 3)-valued connection one-form, commonly known
as the spin connection. The equations of motion give us
dω(θ ∧ θ) = 0 (2.7)
θ ∧R− Λ
3
θ ∧ θ ∧ θ = 0 (2.8)
where the former is achieved by variation in ω, the latter in θ. In the case
where θ is an isomorphism, the first equation reduces to the vanishing of the
torsion (of the associated affine connection on TM). This is a requirement
typical of GR. The second equation is just Einsteins field equation without
sources.
One can generically use this action instead of the usual Einstein-Hilbert action
for EG by replacing the metric on M by appropriately set up copies of θ and
using the spin connection for covariant derivatives on TM . In addition, one can
couple spinorial fields to gravity with this by using ω on spin bundles associated
to the principal SO(1, 3)-bundle used in the construction, usually the frame
bundle of M . This is now possible as spin lifts of all required structures exist
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for the Lorentz group, while they did not for GL(4). However, one sees that
once ω is used for couplings in the rest of the action, there will generically
be nonzero torsion, as the RHS of (2.7) will not vanish. This is similar to
the case of Einstein-Cartan theory [13], where torsion is algebraically related to
the spin tensor of matter Lagrangians, while the canonical energy-momentum
tensor takes the place of the Hilbert one. One can of course eliminate the
torsion from the expressions by use of these relations, which return one to
the standard GR expressions by reacquiring the Hilbert EM tensor via the
Belinfante-Rosenfeld method [14]. This will incorporate nonlinearities into the
matter action, however.
For example, for the Dirac Lagrangian, one has, instead of vanishing torsion:
T µab ∝ κψ¯γµΣabψ (2.9)
The details of this result will be covered later.
This should give an overview of the Palatini form of EG. One should see
immediately that the bundle morphism (or solder form) θ takes on a very
different role than the actual connection used in parallel transport. In fact,
one might wonder if a description purely in terms of connections is possible.
Obviously the spin connection will not suffice, as we had to use θ in order
to reconstruct the connection on TM . However, the framework of Cartan
connections allows one to at least make sense of θ and eventually even take
the step into a formulation with just Ehresmann connections.
2.2 The MMSW formulation
Before I start presenting the modern formulation, a bit of historical context is
in order. The deSitter groups were studied in their own rights in the 1920s and
30s, during which most of their properties were discovered. [15] Most of this in-
terest was due to general activity in group representation theory in connection
with the newly formulated Quantum mechanics, in which symmetry principles
proved to be most easily studied using representations of groups. The main
interest was in the deSitter isometry group SO(1, 4) due to its similarity to the
Lorentz group SO(1, 3). The studies did not catch on and were laid to rest until
the late 70s. During that time, supersymmetric gravity theories were created,
but mostly by adding terms to Lagrangians iteratively until they achieved su-
persymmetry. This changed with a theory by Chamseddine [5], developed inde-
pendently at the same time by MacDowell, Mansouri [6] and West [7], where the
then simplest version of supergravity, containing only a gravitino and the gravi-
ton, was derived from a simple-looking action with internal group SP (4;R) or
its corresponding supergroup OSp(1, 4). In Chamseddine’s version, however,
the action was not quadratic in the field strength as is typical of Yang-Mills
theories. In this formulation, one could easily connect the two theories of GR
and supergravity and also give regular EG the look of a gauge theory. This
viewpoint was further investigated by Stelle and West [16], which gave a more
symmetry-based viewpoint and reinterpreted the necessary structures in terms
of spontaneous symmetry breaking. This theory was later used as a base on
which to study more recent ideas, such as dualities, massive gravity and topo-
5
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logical gravity. For example, the supersymmetric version was later used to
study Seiberg duality of gravity, and a dual was subsequently found [17,18]. In
all of these events, though, coupling to other fields was usually neglected, in
particular in the more geometric studies. In recent years, the theory was fully
connected to the framework in which it is to be understood, Cartan geome-
try [8].
2.2.1 Cartan geometry
The remarks of this section are loosely based on work of Wise [8], Nakahara [12]
as well as Stelle and West [16]. One might use Sharpe [19] as a reference to
Cartan geometry in general, but all necessary notions will be given here.
The basic idea of Cartan geometry is a generalisation of either Klein geometries
to allow local curvature or of Riemannian geometry to allow the tangent spaces
to be different from a flat space. Namely, we shall remember that a nonzero cos-
mological constant is equivalent to a constant background curvature of space-
time. As such, one might think that using Minkowski space as a tangent space
at each point in the presence of a cosmological constant is not the optimal
choice. Namely, it would be best if the geometry of spacetime were locally
approximated by an (Anti-)deSitter space, which is a spacetime of constant
curvature and a symmetric space. In the case that the real spacetime is an AdS
space, one could identify all the tangent AdS spaces, just like how one can iden-
tify Minkowski space and its tangents. This idea is formalised by Cartan geom-
etry, which allows one to replace tangent spaces by spaces of Klein geometries.
These are pairs (G,H) of a Lie group and a closed subgroup of it, which can be
used to form a principal H-bundle G pi−→ G/H over the space of cosets of H
in G. One assumes in the typical construction that G/H is connected, which
can always be done. Now, the space G/H may be seen as a geometry which
generalises the kind of trinity one has with flat Euclidean space, spheres and
hyperbolic spaces; The groupG will be the group of isometries of the space. For
instance, the sphere may be realised as Sn ∼= O(n+1)/O(n), or hyperbolic space
as Hn ∼= SO(1, n)/(O(1)×O(n)) and most intuitively, Euclidean space as En ∼=
(Rn o O(n))/O(n). In the last case, one can see that effectively the rotations
have been removed from the Euclidean group, leaving SGal(n) to look similar
to Rn. In fact it is of the same dimension, but is the affine space of dimension n.
In general, one can viewH as the isotropy group of any point in the spaceG/H.
In principle, this construction is independent of the groups G and H, but
we are interested in the special case where H = SO(1, 3). This will ensure
that our Klein space, which we use as a model space, will have at least the
isotropy group of the regular tangent spaces. In addition, one will later gain
a principal SO(1, 3)-bundle for other uses, which will be important in linking
back to regular formulations. For the symmetry group G we have essentially
three choices: The conformal group of flat spacetime, SO(2, 4) and the two
(Anti-)deSitter isometry groups SO(1, 4) and SO(2, 3), corresponding to pos-
itive and negative constant spacetime curvature each. One might consider
other groups, but these are the only ones which naturally occur as symme-
try groups of four-dimensional spaces and which are extensions to the Lorentz
group. The choice of SO(2, 4) will be a choice of conformal geometry as tan-
6
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gent spaces, and will not produce tangent spaces of the right dimension, as
dim(SO(2, 4)/SO(1, 3)) = 9, which can be deduced from simple counting of
parameters. In addition, the conformal group can not be contracted to the
Poincaré group via the usual process of group contraction. This reduces our
choices to the (Anti-)deSitter isometry groups, of which we choose SO(2, 3).
This choice might at first seem arbitrary, but shall be explained later in terms
of the representation theories of both groups. Namely, deSitter space does not
admit positive energy representations, which is inadmissible for potentially
quantisable theories. [20]
Given these groups, we can define a Cartan geometry as follows:
A Cartan geometry ((P , pi ,M),α) modeled on G/H is a principal H-bundle
P
pi−→ M with a g-valued one-form called the Cartan connection form,
α : TP −→ g, which satisfies:
1. If V is a vertical vector field on P , then α(V ) ∈ h, where h is the Lie
algebra of H. In particular, on fibres of P , α restricts to the Maurer-
Cartan form ωH , which has, if ξ# is the vertical vector field generated
by ξ ∈ h: ωH(ξ#) = ξ ∀ξ ∈ h.
This means that α, apart from being g-valued, is an Ehresmann connec-
tion on the principal bundle. [12]
2. (Rh)∗α = Adh−1α. In other words, α transforms in the adjoint represen-
tation of the Lie group under right action/gauge transformations. If (1)
meant α was an Ehresmann connection, this makes it into a principal
connection. [12]
3. ∀p ∈ P , αp : TpP −→ g is a vector space isomorphism. This condition
may be relaxed to requiring the domain and codomain being of the same
dimension, as shall be explained later. This is also known as the absolute
teleparallelism condition.
The third condition is easily the most consequential one. It implies an isomor-
phism TxM ∼= g/h, where the latter can be seen as the tangent space to G/H.
This gives rise to the intuitive picture that the spacetime M is modelled by
G/H, and thus has the same tangent spaces. In addition, the isomorphism
allows for an injection Xξ : g −→ Γ(TP ), so that one can extend the #-map
from the Lie algebra to vertical vector fields to more general vector fields on
P . Namely, the restriction to h gives the #-morphism, while the restriction to
p := g/h gives vector fields "on M". Indeed, the isomorphism can be inverted
to give both vector fields onM or P , the latter of which will be horizontal with
respect to the M -connection on P , when we have the reductive case, defined
as follows.
We talk of the reductive case in a Cartan geometry when we have a decompo-
sition g = h⊕p, which is invariant under action of Ad(H). This case is special
as it allows for many structures on P , for example a principal H-connection
directly from the Cartan connection. One central consequence of the reductive
case is the splitting of α into parts valued in h and p, respectively. Namely,
α = σ ⊕ 1
ρ
θ (2.10)
7
MMSW Gravity
with σ : V P −→ h being a principal H-connection on P due to the Ad(H)-
invariance of the splitting. It fulfils the extra condition of being an isomorphism
of the vertical part of each tangent space of P , VpP ∼= h. This condition is
essentially the same as requiring VpP ∼= H, in accordance with P being a
principal bundle. In addition, one can split the Cartan curvature of α, defined
analogously to the one for Ehresmann connections, into parts as well:
F = F [α] := dα + 1
2
[α, α] (2.11)
= dσ +
1
2
[σ, σ] +
1
ρ2
θ ∧ θ ⊕ 1
ρ
dθ +
1
ρ
[σ, θ] (2.12)
= F [σ] +
1
ρ2
θ ∧ θ ⊕ 1
ρ
dσθ (2.13)
We will later see that F [σ] can be identified with the Riemann curvature of
the tangent bundle, while T := dσθ is the Torsion of the associated affine
connection on TM . In the same way, the θ ∧ θ-term will be a cosmological
constant term, thus giving a concise way to integrate the three objects into one
field strength of the same connection. One should note, of course, that α is not
an Ehresmann connection, which makes this field strength different in concept
as well, but is precisely the reason it allows for this kind of decomposition. It
should be noted that F satisfies a decomposable Bianchi identity:
dαF = 0 (2.14)
dσF [σ] = 0 d
2
σθ = F [σ] ∧ θ (2.15)
which, when symbolically viewed as statements about an SO(1, 3)-connection
and a coframe field of TM , are just the standard Bianchi identities.
Until now, we do not have any structures except for vector fields on the tangent
bundle of our base space determined by the Cartan connection α. If we wish to
establish a metric tensor and a connection on it, we need additional structure
on the complement of h in g, p. Say this subspace of g is endowed with an
Ad(H)-invariant symmetric bilinear form, which we suppose to be nondegen-
erate for our purposes. Then the isomorphism αp : TxM −→ p allows us to
pull back that form to any tangent space of M . Similarly, the Killing form
of g will give, as it is invariant, a similar form on TpP . If g is semisimple (as
in the case of so(2, 3)), the Killing form is nondegenerate, and so one gets a
bundle metric on g , p and TxM . It is instructive to see this for the case of
this thesis, which I prepared myself. Be
KAB,CD = (ηACηBD − ηADηBC) (2.16)
the Killing form in components as in the appendix, where A ∈ {0, 1, 2, 3, 5}
and AB is antisymmetric. Then,
gp := K ◦ (αp ⊗ αp) : TpP ⊗ TpP −→ R (2.17)
8
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is a bilinear, Ad(H)-invariant second rank tensor on TP . It is a metric as
so(2, 3) is semisimple. With a pullback of α onto M through some section
of P −→ M , one can thus use g as a metric on TM . Now consider the
H-connection induced splitting of vector fields on M [12],
V = V V ⊕ V H such that V V a section of V P, σ(V H) = 0. (2.18)
Here and from now on, one has to see σ, θ as pulled back forms on TM , and the
identities should be understood pointwise. If V V = 0, so that V is a horizontal
vector field, one has α(V ) = σ(V ) ⊕ θ(V ) = θ(V ). If V = V ABeAB, with the
latter a basis section of TP , one may identify vertical vector fields with fields
such that V 5b = 0 and horizontal ones with fields satisfying V ab = 0, with
a, b ∈ {0, 1, 2, 3}, by choosing an appropriate basis. This splitting is, in the
reductive case, Ad(H)-invariant, so it is independent of basis, but it is useful
to stick to this form of the splitting as the reductive case becomes simpler
with it. So one gets for the metric, properly normalised, on TM , with V,W
horizontal:
g(V,W ) = K ◦ (α(V )⊗ α(W )) (2.19)
or in a basis
g(V,W ) = (ηACηBD − ηADηBC) αAB(V )αCD(W )
= (ηACηBD − ηADηBC) α5a(V )α5b(W )
= (η55ηab − η5bηa5) α5a(V )α5b(W )
= η55ηab θ
a(V )θb(W )
= ηab θ
a
µθ
b
νV
µW ν
(2.20)
which is the well-known definition of the metric in terms of a local vierbein θaµ.
More properly, using a section s : M −→ P , we have
g(V,W ) = ηab s
∗(θ)aµ s
∗(θ)aν V
µW ν (2.21)
which shows that the metric exists only locally in this way unless P is a trivial
bundle. Since P , with σ as a principal connection, becomes a principal H-
bundle, this can be understood as a reduction of the structure group [21] of
some other bundle to one with structure group SO(1, 3), which we have with
P . This motivates the idea of achieving these structures from a bundle with
structure group SO(2, 3). In fact, as explained by Wise [8], one can extend α
to a principal G = SO(2, 3)-bundle Q pi−→ M via the canonical injection ι of
H-bundles when Q is viewed as an associated bundle to P with fibre G. The
resulting connection ω, is a principal G-connection that satisfies
ker(ω) ∩ ι∗(TP ) = ∅ (2.22)
where of course TP stands for any vector field on P . Conversely, any principal
G-connection which satisfies (2.26) will give rise to a Cartan connection on P
with all the previously mentioned structures.
9
MMSW Gravity
However concise and intuitive the Cartan geometric picture is, it is opera-
tionally unsatisfactory. To generate a sensible notion of parallel transport, one
has to switch to the associated principal connection on Q. As an associated
problem, one cannot use the Cartan connection on associated bundles in an
obvious way. Additionally, one can not think of lifts of the structure group of a
Cartan connection, which one would certainly need to consider spin structures.
As such, in the following we will mainly consider the principal G-bundle Q and
construct the associated Cartan geometry from it.
Now, consider the bundle with fibre G/H = AdS4 associated to Q via Ad(G)-
action. This is the generalisation of the tangent bundle TM to Cartan geom-
etry. Sections of this bundle assign a point in an Anti-deSitter space to each
point in the base manifold, which may be seen as the point of tangency of the
local copy of AdS with the manifold point. A parallel transport of a point u in
this bundle along some path in M will act on the AdS-part of the point u as
an SO(2, 3)-transformation, so it will be a Lorentz transformation of the local
copies of AdS which leaves the points of tangency fixed, or it might move the
point of tangency via SO(2, 3)-translations. In the case that the connection is
flat and M = AdS4, one can imagine a global section to just assign a point in
AdS to the same one in its local copy. In this way, it can be identified with its
tangent Anti-deSitter spaces.
In general, the existence of a global section of this bundleQ×Ad(H)G/H ∼= Q/H
is equivalent to the existence of a reduction of the structure group of Q to
H = SO(1, 3) [21], which itself is equivalent with the global existence of a met-
ric tensor on TM . As such, since one imposes the condition (2.22) in addition
to Q/H being trivial to gain a Cartan connection and thus a metric on TM ,
one need only assume global sections of Q/H when we do the triviality of P
and (2.22). However, this question is of no real relevance to this thesis and I
shall disregard the existence of global sections for the considerations to come.
I will now give the definition of MMSW gravity.
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2.2.2 The action
This section shows my definition of MMSW, which is analogous to Wise’s [8].
In the following, be M the four-dimensional smooth spacetime manifold un-
der consideration, Q
piQ−→ M a principal G = SO(2, 3)-bundle with princi-
pal connection ω, locally expressed through {Ai} over an open covering {Ui}
via sections si of Q, which will be suppressed for convenience. Also, be
τ : M −→ Q/H a section of the associated AdS-bundle, with H = SO(1, 3),
where the AdS spaces shall be realised as subsets of R5, so that the entire
bundle is a subbundle of a trivial R5-bundle. Be the symbolic field strength
of a Lie algebra-valued one-form F [ω] := dω + 1
2
[ω, ω], with d the appropriate
exterior derivative. It is normalised as F = 1
2!2!
FABµν MAB ⊗ dxµ ∧ dxν due to
antisymmetry in internal and external indices.
Then the MMSW action is given by
SMMSW =
−1
4αρ
∫
M
tr(F [A] ∧~F [A])
=
1
4αρ
∫
M
F [A]AB ∧ (~F [A])AB
=
1
8αρ
∫
M
F [A]AB ∧ F [A]CDτEABCDE
(2.23)
where the "internal Hodge dual", named in reference to Wise, is defined as
(~F )AB :=
1
(4− 2)!ABCDEF
CDτE (2.24)
where ABCDE is the usual Levi-Civita symbol in 5D. Extension to forms with
a different number of internal indices is analogous and more information can
be found in the appendix. The relevant mass dimensions are: [A] = 0 =
[θµ], [Aµ] = 1 = [ωµ], [Fµν ] = 2. Note the following details:
• The absence of the metric determinant volume factor. I do not presup-
pose here that M is (pseudo-)Riemannian.
• The field strengths here are two-forms on M and so generate a volume
element on it, which provides the means of integration. They have the
decomposition F = R+ 1
ρ2
θ ∧ θ⊕ 1
ρ
T , where R is the SO(1, 3) curvature
which corresponds to the Riemann tensor and T the torsion.
• The presence of τ . This object was introduced by Stelle and West [16]
and had been called the director. It was used as a method of achieving
spontaneous symmetry breaking, which required additional scalar terms
in the action, implicitly necessitating the use of a metric. In the geomet-
ric view of Cartan geometry, τ has a natural interpretation as a choice
of tangency for the AdS-bundle, and so functions mostly as an auxiliary
field with units [τA] = −1.
• The indices of the field strengths and τ are of the adjoint and the funda-
mental representation of G, respectively. The action is invariant under
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right action of G, or gauge transformations. As it is made from differen-
tial forms, it is also diffeomorphism invariant.
• The internal Hodge star replaces the usual Hodge dual of a two-form
defined on a Riemannian manifold. While its meaning is not entirely
clear, it is my interpretation that it is an induced dual from the 5D
space in which the model AdS spacetimes are embedded, which would
also explain the presence of the tangency map τ . See the appendix for
more information.
• The dimensionless constant α = κ
ρ2
, with κ = 8piGN
c4
the Einstein constant,
ρ a constant with units of length, the radius of the internal AdS spaces.
It is related to the cosmological constant by Λ = 3
ρ2
, so that α = Λκ
3
. If
one takes the current value of the cosmological constant from ΛCDM,
this has a value of around 10−120. Since, in addition, there is a factor of 1
ρ
in front, this is like in the case of the Einstein-Hilbert or Palatini action,
where one has a dimensionful prefactor indicating that this is an effective
theory. However, as will be clear later, the factor of 1
ρ
will be in front
of every action if chosen appropriately, which gives the corresponding
cutoff a special role.
It is worth noting that in West and Stelle’s work, the director τ played a dif-
ferent role from the one presented here. Indeed, it was simply thought of as
a mostly nondynamical field with values in R2,3 with a potential of the form
λ (τAτA−ρ2). This potential would ensure that spontaneous symmetry break-
ing would occur in the model, giving rise to four nondynamical Goldstone fields
in the process as deviations from the minimum occur. It is also a point of AdS
there, but it not manifestly constrained to it. However, in this thesis we follow
the novel interpretation that τ is indeed a map into actual Anti-deSitter spaces,
which make the constraint nondynamical in nature and do not allow or require
an on-shell field interpretation. One thus has the constraint τAτA = ρ2 every-
where. Finally, the original version had an additional term in the Lagrangian,
which would require the use of a volume factor
√−g, of which none exist in
MMSW gravity. Thus, while for convenience we represent the components of
τ(x) as a 5-vector, it really is a point in the embedded AdS space, requiring
no constraints as it is a section of the appropriate bundle. Also, there was a
construction by Randono [22] who managed to achieve spontaneous symmetry
breaking from SO(2, 3) to SO(1, 3) by introducing a fermion condensate as a
natural method of achieving a τ -like object. Since I have a more geometric
intuition for this object now, this perspective will not be of relevance here -
though it is noteworthy that there are dynamical methods for this symmetry
breaking.
One can easily vary with respect to AAB to get the equations of motion. I find
that they are
2
4αρ
(D ~ F)AB = 0 (2.25)
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where, in the standard gauge τA = ρδA5 , which represents a phase of broken
invariance or just the broken phase, one has
(D ~ F)AB = d(~F)AB + fEFAB,CDACD ∧ (~F)EF (2.26)
(D ~ F)5a = 1
ρ
θb ∧ (~F)ab = 1
2
abcd θ
b ∧ F cd (2.27)
(D ~ F)ab = (D˙ ~ F)ab = d(~F)ab + f efab,cdAcd ∧ (~F)ef (2.28)
as well as
(~F)ab = ρabcdRcd + 1
ρ
abcdθ
c ∧ θd (2.29)
Also the Bianchi identity
D˙R = 0⇔ dRab + fabcd,efωcd ∧Ref = 0 (2.30)
holds. By applying the internal Hodge star to the EoMs, one finds
1
2αρ
(~D ~ F)AB = ρ
α
(~2dF)AB = 0 (2.31)
which, in the standard gauge a using a formula in the appendix shows that
dFab = 0 ⇔ dRab = −1
ρ2
d(θa ∧ θb) (2.32)
(2.33)
One has to keep in mind here that applying the internal Hodge star removes
the 5a-part in the standard gauge so that, while the above equations certainly
are correct, they are not equivalent to the full EoMs. Instead, the equivalent
set is
ρ
α
dFab = 0 abcd θb ∧ F cd = 0 (2.34)
Quite surprisingly, one sees that the vacuum equations of gravity are given by
an exactness condition. If one has sources that only depend on the vierbein
part θ, but not the spin connection part, one will still have the first equation,
while the second will admit nontrivial solutions. In that case, one will have
F ∈ H2(M ; so(2, 3)). In vacuum, however, one should see that F ≡ 0 is the
only solution. This, however, does not make the SO(1, 3)-part vanish; Instead
one has
Rab =
−1
ρ2
θa ∧ θb (2.35)
which is precisely the Riemann curvature from the EG solution which is Anti-
deSitter space with radius of curvature ρ. As such, the action is constructed
such that AdS will give a finite action, as well as showing that F encodes the
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deviation from Anti-deSitter curvature. These solutions can, for example, give
rise to the potential given in Poincaré coordinates (z, xi) [2] (see page 29 of ref)
θa =
1
z
δaµdx
µ ωab = −1
ρ
(δaµη
bz − δbµηaz)dxµ (2.36)
It is clear that in the standard gauge, the torsional part of the field strength
does not contribute to the action, as the internal Hodge star removes its con-
tributions. Since the gauge can be chosen arbitrarily, as is seen in the next
section, this is always the case. This is in constrast to the Palatini version,
where torsion could be nonzero. This highlights a pathology in MMSW that
will reappear later during the study of torsion. For now, one can find the tor-
sion by expanding the full invariant action into its R, θ, T subparts and then
applying the variation with the Bianchi identity in mind. One finds that
1
8αρ
(
θb ∧ arstF rsτ t + 4D˙(T˜ )ab
)
+
1
2κρ
abcdθ
c ∧ T dτ 5 + δSM
δωab
= 0 (2.37)
where T˜ab := abcdτ cT d. In the standard gauge, this reduces to simply
abcdθ
c ∧ T d + 2κδSM
δωab
= 0 (2.38)
so that one can see clearly how the torsion has to vanish in vacuum and even for
spinless matter. Still, it is not clear how this is compatible with the exactness
condition from above. It seems that one needs to remove the part of (2.26)
quadratic in the Riemann curvature to get the condition on the torsion, even
though it does not appear in the gauge fixed action in the first place.
2.2.3 Connection to Einstein gravity
Here, the procedure to obtain the Palatini action from MMSW will be outlined.
In this process, the power of this formulation will become apparent, as it
directly gives, with no additional free parameters, a prediction that the Euler
density will be important for quantisation while giving the exact couplings in
question from α and ρ. It also neatly generates a cosmological constant term.
To start off, one has to investigate τ . It is a "gauge" degree of freedom in
MMSW in the sense that it does not affect the dynamics. The choice is one of
local sections of the principal SO(2, 3)-bundle, which are used to pull back the
forms from said bundle to M . One may change said sections by a right action
on the principal bundle, which is described onM by a gauge transformation [12]:
A 7→ g−1(A+ d)g = g−1Ag + g−1dg (2.39)
where g is an SO(2, 3)-valued function on M , used to change the section.
Within the matrix representations, this is expressed as
AAB 7→ (Λ−1)AC(ACD + δCDd)ΛDB = (Λ−1)ACACDΛDB + (Λ−1)ACdΛCB (2.40)
with Λ a transformation matrix. This is for the up-down placement of in-
dices in the adjoint representation; Here, the all-up version is conventionally
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used, which can be found from this using the defining property of matrices of
SO(2, 3).
AAB 7→ (Λ−1)ACACD(Λ−1)BD + (Λ−1)ACdΛCB (2.41)
In addition, τ transforms in the fundamental representation:
τA 7→ (Λ−1)ACτCand F in the adjoint: (2.42)
FAB 7→ (Λ−1)ACFCD(Λ−1)BD (2.43)
Thus, the MMSW action is invariant under changes of local sections:
S =
1
8αρ
∫
M
FAB ∧ FCDτEABCDE (2.44)
7→ 1
8αρ
∫
M
FKL ∧ FMNτOABCDE(Λ−1)AK(Λ−1)BL(Λ−1)CM(Λ−1)DN(Λ−1)EO
(2.45)
=
1
8αρ
∫
M
FKL ∧ FMNτOKLMNOdet(Λ−1) = S (2.46)
as all elements of SO(2, 3) have determinant 1.
The choice of τ is in principle independent of the local section chosen, but
expressed with respect to it, similar to the situation of the other variables.
Using this gauge invariance, one has the freedom to make any given section
τ assume a standard form by an appropriate local transformation. It is this
standard form which leads one back to the Palatini action. Choose the gauge
so that τA(x) ≡ ρδA5 . Then, one has
S =
1
8α
∫
M
FAB ∧ FCDABCD5 (2.47)
=
1
8α
∫
M
Fab ∧ F cdabcd (2.48)
where a, b, c, d ∈ {0, 1, 2, 3}, which are indices of the Lorentz algebra. One
can already see here that through this choice of gauge, the torsion does not
contribute at all to the action. However, the degrees of freedom associated
to it did not disappear. Once one makes a transformation to another gauge
in which the torsion contributes, the field strength will change accordingly to
compensate for this change. For example, by changing to the τA(x) ≡ ρδA0 -
gauge, one eliminates the F0b-part of the field strength, while the torsion will
absorb exactly those components under the gauge transformation.
Now one has to use the decomposition into h and p parts which can be in-
terpreted through the Cartan geometry arising from the principal connection
ω on Q. Suppose one has a principal SO(1, 3) bundle P over M which is a
reduction of Q. This may be achieved by the existence of a global section of
the AdS-bundle. Then one can pull back ω to P , giving a Cartan connection
on it, provided the constraint (2.22) is satisfied. This gives all the structure
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one needs to construct a metric connection on TM from ω. One has for the
curvature the decomposition:
Fab = Rab + 1
ρ2
θa ∧ θb (2.49)
where θaµ is unitless and will be identified with the vierbein. Using this in the
action, one finds
S =
1
8α
∫
M
(Rab + 1
ρ2
θa ∧ θb) ∧ (Rcd + 1
ρ2
θc ∧ θd)abcd
=
1
8α
∫
M
(Rab ∧Rcd +Rab ∧ 1
ρ2
θc ∧ θd+
1
ρ2
θa ∧ θb ∧Rcd + 1
ρ4
θa ∧ θb ∧ θc ∧ θd)abcd
=
1
8α
∫
M
Rab ∧Rcdabcd
+
2
8αρ2
∫
M
Rab ∧ θc ∧ θdabcd + 1
2ρ2
θa ∧ θb ∧ θc ∧ θdabcd
(2.50)
Consider the terms in the second integral now. The second term is
θa ∧ θb ∧ θc ∧ θdabcd = θaµθbνθcκθdλabcddxµ ∧ dxν ∧ dxκ ∧ dxλ (2.51)
Using that MauM bvM cwMdxabcd = uvwxdet(M), this results in
det(θ)µνκλdxµ ∧ dxν ∧ dxκ ∧ dxλ = 4!det(θ)d4x = 4! vol (2.52)
with the determinant understood as the determinant of the matrix with entries
θaµ. The first term, however, is
Rab ∧ θc ∧ θdabcd = Ruv ∧ δauδbvθc ∧ θdabcd (2.53)
Suppose now that θaµ is invertible, which is true in all but a degenerate case.
This is also guaranteed when the principal connection on Q gives rise to a
Cartan connection (which is an isomorphism of TpP and g). We then use the
vierbein vector field eµa , which is the dual of θaµ, to recover the curvature scalar:
Ruv ∧ δauδbvθc ∧ θdabcd
= Ruvµνeρueσvθaρθbσθcκθdλdxµ ∧ dxν ∧ dxκ ∧ dxλabcd
=
1
2
Ruvµνeρueσvdxµ ∧ dxν ∧ dxκ ∧ dxλρσκλdet(θ)
=
1
2
Rρσµνµνκλρσκλdet(θ)d4x
=
2! 2!
2
Rρσµν (δµρ δνσ − δµσδνρ)det(θ)d4x
= 2!Rρσρσ det(θ)d4x = 2R det(θ)d4x = 2Rvol
(2.54)
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once one remembers that det(θ) =
√−det(g) and our choice of α = κ
ρ2
, we
have the Einstein-Hilbert action.
SMMSW =
1
8α
∫
M
Rab ∧Rcdabcd + 2
8αρ2
∫
M
d4x
√−g(2R + 4!
2ρ2
)
=
1
8α
∫
M
R ∧R + 1
2αρ2
∫
M
d4x
√−g(R + 2 3
ρ2
)
=
1
8α
∫
M
R ∧R + 1
2κ
∫
M
vol (R− 2Λ)
(2.55)
where the identification Λ = −3
ρ2
has been made. The power of the MMSW
formalism can be seen here. It is equivalent to Einstein-Hilbert on the level
of the action up to a term quadratic in the SO(1, 3)-curvature, which may
be identified as the Euler class [12] of the SO(1, 3)-bundle P and integrates to
4pi2
α
χ(M), where χ(M) is the Euler characteristic. It is a topological term,
which makes the MMSW formalism classically equivalent to Einstein-Hilbert
or Palatini. MMSW thus predicts a relation between the coupling to a generic
curvature squared term and the gravitational constants. This might in princi-
ple lead to a way to falsify MMSW as a model, by finding experimental values
for these couplings and comparing them to theory. Namely, MMSW predicts
cR2 ≈ 8× 10120.
It is interesting to note that MMSW bears similarities to the 5-dimensional
Lovelocke gravity term: [23]
volLLL,5D = ABCDE(α0θAθBθCθDθE + α1θAθBRCDθE + α2θARBCRDE)
(2.56)
where the wedge product is suppressed. If one were to replace θa by τA, and fix
the constants appropriately, this would just be the MMSW action integrand.
This, by itself, is also similar to the Chern-Simons 5-form
tr(R∧R ∧ θ − 1
2
R∧ θ ∧ θ ∧ θ + 1
10
θ ∧ θ ∧ θ ∧ θ ∧ θ) (2.57)
This is a topological theory in 4+1D, suggesting that gravity in 3+1D might
be mostly topological in nature; A hypothesis supported by the deformed BF
theory reformulation of MMSW proposed by Freidel and Starodubtsev [24]. Ad-
ditionally, as has been demonstrated by Anabalón [23], one can derive MMSW
for ISO(1, 4) from a nonlinear realisation of a scalar field (more precisely, a
0-form) valued in the adjoint representation and an ISO(1, 4)-connection like
the one used here, in an action he calls a gauged Wess-Zumino-Witten model.
There, one can impose a restriction on the 0-form h = exp(φ) = exp(φ
AB
2
MAB)
by setting 1
2
φABφAB = m
2, which preserves the gauged invariance. One can
relate this to the current scenario by requiring that h = exp(τAPA), with PA is
some subset of the generators of ISO(1, 4) with Pµ proportional to the transla-
tion subalgebra. Then, the constraint becomes τAτA = m2, which is the one we
seek. In a way, one could see MMSW as having a hidden, even larger symmetry
under ISO(2, 3) or perhaps even SO(2, 4), but realised in a more complicated
model. I will not go into more detail about this here. However, it is also
noteworthy that a generalisation of CS forms to any dimension admits a direct
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correspondence to MMSW. These Higgs-Chern-Simons-forms [25](in particular
see (13) and (34) of this reference) give more meaning to τ and further ce-
ment its connection to 5D Chern-Simons forms and topological theories. More
concretely, it seems that MMSW is a Higgs-Chern-Pontrjagin-density derived
from the 6D Chern-Pontrjagin class, with the only difference being the dimen-
sions of τ . In this context, the choice of gauge group SO(p, 5 − p) becomes
more natural.
Now recall the equations of motion in the standard gauge:
(dF)ab + κ
ρ2
abcd
δSM
δωcd
= 0 abcdθ
b ∧ F cd + 2κδSM
δθa
= 0 (2.58)
The second equation will yield the Einstein field equations. Taking a spacetime
component of it and dropping the forms, it reads
abcd
µνκλθbνF
cd
κλ + 2κ
δSM
δθaµ
= 0 (2.59)
One multiplies and sums both sides by θkµ and converts some indices to find
abcd
µνκλθkµθ
b
νθ
r
κθ
s
λF
cd
rs + 2κ
δSM
δθaµ
θkµ = 0 (2.60)
abcd
kbrs det(θ)F cdrs + 2κ
δSM
δθaµ
θkµ = 0 (2.61)
where the determinant identity µνκλθkµθbνθrκθsλ = kbrs det(θ) was used. Using
yet another Levi-Civita identity from the appendix one finds
det(θ)(2F cdcdδ
k
a + 2F
kd
da + 2F
ck
ac) + 2κ
δSM
δθaµ
θkµ = 0 (2.62)
det(θ)(F cdcdδ
k
a − 2F ckca) + κ
δSM
δθaµ
θkµ = 0 (2.63)
At this point one introduces an energy-stress tensor, but it is not the Hilbert
one used in the EFEs. Instead, it will be related to the Hilbert one via the
Belinfante-Rosenfeld procedure [14]. Be it defined by T (0)ab θ
b
µ :=
−2
det(θ)
δSM
δeµa
. By
local Lorentz invariance, this needs to be symmetric in its indices. We can
relate this definition to the RHS by employing the chain rule and the defining
property of the vierbein θaµeβa = δβµ :
0 =
δ(δβµ)
δθbρ
=
δ(θaµe
β
a)
δθbρ
= θaµ
δ(eβa)
δθbρ
+
δ(θaµ)
δθbρ
eβa (2.64)
= θaµ
δ(eβa)
δθbρ
+ δρµe
β
b ⇒
δ(eβa)
δθbρ
= −eβb eρa (2.65)
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and so
δSM
δθbρ
=
δ(eβa)
δθbρ
δSM
δeβa
= 2eβb e
ρ
a det(θ) T
(0)a
c θ
c
β = 2det(θ) T
(0)a
b e
ρ
a (2.66)
(2.67)
So now the equation of motion can be written as
(F cdcdδ
k
a − 2F ckca) + 2κ T (0)ka = 0 (2.68)
F ckca −
1
2
F cdcdδ
k
a = κ T
(0)k
a (2.69)
And this already suggestive expression becomes
Ricka +
3
ρ2
δka −
1
2
Rδka −
12
2ρ2
δka = κ T
(0)k
a (2.70)
Gka −
3
ρ2
δka = κ T
(0)k
a (2.71)
by use of F abrs = Rabrs +
1
ρ2
(δar δ
b
s − δasδbr). This is just Einstein’s field equation
in the mixed form, with cosmological constant Λ = − 3
ρ2
. For matter that does
not couple to the spin connection ω, this is all one needs.
In that case, the vacuum equations (when viewed in the Palatini form) clearly
imply that the torsion vanishes on-shell. Thus, the spin connection is uniquely
fixed by the vierbein and one completely recovers the coupling description of
GR. However, usually one does have dependence on the spin connection, as for
example in actions of fields with spin. Then, the torsion will become nonzero
according to (2.38). This issue will be discussed in detail in section 4.5. Note
that this also induces nonlinearities in the matter fields, which will give rise to
new dynamics. In the non-effective situation, however, these are absent.
Thus, one goes through the following steps to reduce MMSW to Einstein-
Cartan gravity:
1. One starts with an SO(2, 3)-connection on Q and chooses a section τ
that reduces the bundle Q to P , which is a principal SO(1, 3)-bundle.
2. One chooses the standard gauge, which projects the action onto its
SO(1, 3)-parts.
3. One pulls back the connections on Q back to P , which gives rise to a
Cartan geometry modeled on AdS4.
4. Then, one constructs a fake tangent bundle P ×SO(1,3) g/h and uses sec-
tions of P to pull back θ and σ to a solder form and a one-form on TM ,
respectively.
5. One also inherits a metric g on the fake tangent bundle from the Cartan
geometry, giving rise to a metric on TM .
6. One algebraically eliminates the torsion through the field equations and
thus relates σ to θ and thus g.
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7. An affine connection can then be constructed from σ and θ, which can
be used to define parallel transport on sections of TM .
8. Variation with respect to g then gives the Einstein-Cartan field equations.
This section is now closed with a few words on the issues of this theory.
2.3 Issues with the theory
The most obvious problem with this setup should be the sign of the cos-
mological constant. The current acceleration rate of the scale factor of the
observable universe suggests that we live in deSitter space. So a most natu-
ral proposition, given the experimental data, would be to consider SO(1, 4)
instead. Still, one might consider, from a theoretical standpoint, the positive
energy representations and natural nonzero masses and connection to the AdS-
CFT correspondence as virtues. These might warrant trying to fit a negative
cosmological constant to data. In that case, the idea is to arrive at an effective
positive cosmological constant from the base negative cosmological constant
and a positive vacuum energy due other fields, e.g scalar fields, or perhaps the
constant terms arising from canonical quantisation of other fields. This will,
of course, result in a horrific fine-tuning problem, which is already well-known
as the vacuum catastrophe. However, in the light that a negative cosmolog-
ical constant might exist, it might seem that, given a better understanding
of vacuum energies, one might be able to arrive at a natural way of almost
cancelling the effective vacuum energy. This, in all generality, is outside of the
scope of this paper. However, Fukuyama [9] has found a model in which con-
formal symmetry is broken by a Higgs-like mechanism and exactly cancels the
background cosmological constant by its vacuum expectation value. The real
cosmological constant one measures in cosmology is then actually of different
origin, in his model due to a GUT scalar field.
In addition, the introduction of τ into the action gives light to the fact that
this is indeed only like a Yang-Mills theory, if even that. If we interpret τ
as a completely static quantity, it behaves as a Lagrange multiplier. If, how-
ever, we give it a kinetic term, we run into the problem of an interpretation,
since we are coupling a scalar field to the kinetic term of a supposed spin-2
field. These scalar-tensor theories [26] have existed for about as long as EG,
but usually evaded experimental falsifications. Clearly, a more thorough study
of the geometrical properties of the MMSW action, such as its connection to
Higgs-Chern-Simons forms, will help solving this particular question.
Also, the additional gauge invariance of the theory restricts observables. For
one, the Riemann tensor cannot be identified with the so(1, 3)-part of the field
strength, as the latter is a tensor under SO(2, 3). Instead one needs to pick the
right combination of Dτ, F, ... to recover standard observables in some gauge.
As will be clear later, this actually renders real scalar fields unobservable.
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3 SO(2,3) as a symmetry group
3.1 Representations of SO(2,3)
Here, the relevant unitary as well as the finite dimensional representations of
SO(2, 3) and its covers SP (4) and L := ˜SO(2, 3) will be presented in a useful
form. The material covered here is essentially a mix of works by Evans [20] and
Fronsdal, for which there is a review by Nicolai [27], whose conventions will be
adopted here. For the finite dimensional reps of the symplectic and orthogonal
groups, one may consult Hamermesh [28], Schwartz [29] or Weyl [30].
3.1.1 The Lie algebra, labels, ladder operators
First, a short overview of the Lie algebra of the groups in question is necessary.
There will be no distinction between the real and complexified algebra here,
since it makes little difference in this thesis. The Lie algebra g = so(2, 3) is
given by the matrices
{X ∈ Mat(5, 5)|XAB+XBA = 0 XAB = mACηCB} skew-symmetric with respect
to the standard metric of R2,3. Note that plain matrices will have mixed
component indices here, but apart from this, indices w.r.t the Lie algebra will
be all-up for most purposes. The algebra splits into two parts, the Lorentz
algebra h = so(1, 3) and the noncommutative translation subalgebra p = g/h,
so that we write for a basis of the algebra {MAB} = {Mab,M5b} = {Mab,Πb}.
From this split, one can recover the Poincaré algebra via a limiting process
called Inonu-Wigner contraction:
Pa := lim
ρ→∞
Πa
ρ
(3.1)
[Pa, Pb] := lim
ρ→∞
1
ρ2
[Πa,Πb] = lim
ρ→∞
1
ρ2
Mab = 0 (3.2)
where one has to think of the MAB as having the units of ~, so that Pa gains
the correct units as well.
The Cartan subalgebra of this is generated by M12 and Π0, which are the
generators of the vertical rotation group and the AdS time translations. As
such, these can be chosen Hermitean in any representation of the algebra and
will be the primary observables of angular momentum and energy. These
also generate the SO(2) × SO(3) subgroup of SO(2, 3), which is its maximal
compact subgroup. It also admits subalgebras isomorphic to so(1, 2), which
are of relevance if one wants to fully classify the states, see Evans [20] for details.
The algebra representations are labeled by pairs (, s) with  = 0 + k, 0 ∈
[0, 1) , k ∈ N0 and 2s ∈ N0.  labels the lowest energy, while s the spin, given
by the eigenvalue of ~J2 as usual. One can thus realise the representations as
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a sum V,s =
⊕
k Vk,s of representations of su(2) such that the spaces have
different, discrete values of energy. These will be glued together by the raising
and lowering operators1
Π±i = M5i ±
M0i
i
with [Π0,Π±i ] = ±iM±i and (3.3)
J± = M23 ± M31
i
with [M12, J±] = ±iJ± (3.4)
which raise and lower k between the s-spaces and ms inside the s-spaces, re-
spectively. As usual, the spin projection values ms will run from −s to s in
steps of 1, just like k. Naturally, all these labels are in units where ρ = 1.
One has, as always, a set of Casimir elements which are proportional to the
identity on the representation. These are here the quadratic
C2 =
1
2
MABMAB = Π
2
0 + ~J
2 − {Π+i ,Π−i } for any i ∈ {1, 2, 3} (3.5)
and quartic
C4 = WAW
A , with WA = ABCDEMBCMDE (3.6)
with W akin to the Pauli-Lubanski pseudovector, and one can think of it as
representing WA = ( ~J · ~Π, Π0 ~J − ~P × ~K, ~J · ~K). As such, taking the limit
lim
ρ→∞
1
ρ2
C2|4 will give the Poincaré Casimirs of m2 and −m2s(s+ 1). In general,
on an (q, s)-representation of the AdS algebra or the groups associated to it,
one will have
C2 = q(q − 3) + s(s+ 1) (3.7)
C4 = −(q − 1)(q − 2)s(s+ 1) (3.8)
in the sense of the eigenvalue of the operator on the representation. Setting
q = mρ, one recovers the Poincaré expressions from these. However, this does
of course not give a one-to-one correspondence as many values of q will give a
similar limit; Take two small values of q close to each other. If one will result,
in the limit, to a mass squared of 0, then both will. This all depends, of course,
on the value of ρ, which is hitherto unknown.
3.1.2 Unitary representations of the universal cover
Here, I will study projective representations of the AdS isometry algebra. In
general, particle states will not be classified according to it, since the base
spacetime will not be AdS in the presence of nonzero curvature. In fact, the
interpretation of particles becomes questionable in a general curved spacetime.
However, as long as one considers perturbations around a background, this is
still possible just as over Minkowski space. This way, one can study the parti-
cle types involved with MMSW and find representation theoretic justifications
to the actions used for them. Of course, as it exists as an internal invariance
here, one still needs the projective reps anyway. The possible state spaces of a
quantum field theory are classified by representations of its symmetry groups.
1In the physics convention with MAB = imAB , this will give the usual commutators again.
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In particular, the one-particle states of the theory will generate projective uni-
tary irreducible representations (unirreps) of the group, which is at least the
spacetime isometry group. So for SO(2, 3) one needs a classification of the
unirreps of its covering group G, which descend to SO(2, 3)’s projective rep-
resentations, through Bargmann’s theorem. [31,32] Using those representations,
one can construct field operators which correspond to elementary particles.
This classification has been done by Evans [20], who found that the discrete se-
ries of L contracts to the physical representations of the Poincaré group. One
finds in this discrete series massive particles, ones with gauge invariance as well
as two special representations which deserve a seperate discussion. so(2, 3), in
contrast to its sister algebra so(1, 4), admits representations such that the min-
imal energy E0 is bounded. These reps lift, uniquely, to the universal cover
L, where they become unirreps. The unirreps are labeled by their minimal
energy E0 and half-integral spin s. As it turns out, there are two inequivalent
representations with equal |E0| and s, but with the sign of E0 switched, so
one with positive and one with negative energies. Here, we only consider the
positive energy ones. In these, there are certain restrictions on E0 with respect
to s in order to maintain positivity of the inner product. For s >= 1, this is
E0 >= s+ 1, while for s = 0, 12 , it is E0 >= s+
1
2
[20,27]. As the external isome-
try group of AdS, these conditions ensure that the generic loss of unitarity in
curved spacetimes is avoided. It seems that a lack of an infrared cutoff would
make AdS unsuitable for quantal systems. One can classify the unirreps D by
values of (E0 = q, s)2:
1. q > s + 1 for s >= 1, q > s + 1
2
for s = 0, 1
2
. These are the generic,
massive representations for any spin. Note that low values of q will seem
indistinguishable from the critical value for q in the ρ → ∞ limit, but
the representations will not admit gauge invariance.
2. q = s + 1 for s >= 1
2
, q = 1, 2 for s = 0. These representations can
be realised as ones of the conformal group SO(2, 4), so that they can
be interpreted as properly massless ones. Interestingly, the scalar field is
different in this regard as a massless (conformal) scalar field transforms
under D(1, 0)⊕D(2, 0). It is therefore in principle a composite particle
in AdS. The unirreps for s >= 1 also admit gauge invariance in this case,
while the scalar and spinor do not - a result familiar from flat space field
theory. Instead, the singletons admit gauge invariance. For this type,
the energy spectrum is given by E = 1+k+ l+s for s > 0, E = l+2k+1
for D(1, 0), E = l + 2k + 2 for D(2, 0), all for k ∈ R+0 , l ∈ N0, where
l gives the orbital angular momentum and k ∈ N0 represents an energy
level. Here, one has C2 = 2(s+ 1)(s− 1) = 2(s2 − 1), C4 = −s2(s2 − 1),
so the Casimirs both vanish for s = 1, while the Casimirs take the same
value for both conformal scalar parts.
3. Di := D(1, 1
2
) and Rac := D(1/2, 0), the singleton representations [33],
hilariously named after P.A.M. Dirac. When viewed as the conformal
group of a 2+1D Minkowski space, these SO(2, 3)-unirreps are also a
2There are many representations here that will have the same Casimir values. They are not
unitarily equivalent.
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unirrep of ISO(1, 2), namely the only discrete helicity representations.
These unirreps are remarkable in that they are basically impossible to
detect in one-particle states, as well as the fact that a two-particle state
(read: Tensor product) of any combination of Di and Rac will be equiva-
lent to an infinite collection (read: direct sum) of massless particles of all
spins. In addition, the singletons admit only one free parameter in their
energy spectrum, their total angular momentum. Namely, E = 1
2
+ l+ s
for Di and Rac, and C2 = −54 as well as C4 = 0 for both. As such, as has
been pointed out multiple times by Fronsdal, the energy of a singleton
can only be measured on cosmological scales. This is supported by the
fact that the contraction limit of the singletons is the Poincaré vacuum,
so that there is no measurable energy or momentum in them. Singleton
physics has been well-studied and is a subtle topic, related to higher-
spin theory and conformal field theories. The only known way to couple
them is in conformal field theories on the conformal boundary of AdS.
This suggests they might be interesting in AdS-CFT correspondence, but
pushes them far outside the scope of this thesis.
One may thus impose on a space of functions these representations D(q, s) by
a second order PDE of the form
[C2 − q(q − 3)− s(s+ 1)]fq,s(x) = 0 (3.9)
which fixes the first label, as well as subsidiary conditions to make sure it
is a spin-s representation. Here, C2 is an appropriate representation of the
quadratic Casimir. I can define a representation of the generators on some
chart with coordinates xa,
Mab = xai∂b − xbi∂a (3.10)
M5a = ρ
√
1 +
xaxa
ρ2
i∂a (3.11)
which fulfils the commutation relations of the Lie algebra. This gives
C2 = −(ρ2 + 2x2)2+ xaxb∂a∂b + 2xa∂a (3.12)
so that
[−(1 + 2x
2
ρ2
)2+ xa
ρ
xb
ρ
∂a∂b + 2
xa
ρ2
∂a − q
ρ
(q − 3)
ρ
− s(s+ 1)
ρ2
]fq,s(x) = 0 (3.13)
If one sets q = ρµ = ρmc~ and neglects terms of order
1
ρ
and higher, this reduces
to
[2+ µ2]fq,s(x) = 0 (3.14)
so that in the short-scale approximation, AdS-fields correspond to fields of
mass µ = q
ρ
. It is noteworthy that even if q = 3, the spin term can give
a nonzero effective mass if one goes beyond the approximation. Interestingly,
the D(3, s)-unirreps do not exist for s > 2, so that in a sense, in the short scale
approximation, no massless s > 2 fields exist. The corresponding representa-
tions would violate the unitarity bound. This is reminiscent of the well-known
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fact from higher spin theory that one either limits the theory to spins up to
two, or has to include all spins. [2] In a sense, there are strict limits to the
existence of higher spins and in this case, it means that effectively massless
representations of spin greater than two of SO(2, 3) do not exist. This does
not exclude, however, the existence of conformal gauge fields with s > 2.
In addition, the D(2, 1)-irrep for fields is the only conformal one for which
the Casimirs vanishes, making it somehow "more massless" than other fields.
One can thus guess that the well-known fields of the standard model fall into
the first class (for matter fields) and the second (for the gauge bosons). So,
all force carrier fields should transform under D(2, 1) universally, while the
fermions live in D(q, 1
2
), q >= 2. The case for the Higgs field is not as clear.
As was seen in Nicolai [27], one can associate a mass to all of these unirreps.
The mass for scalar fields turns out to be able to be negative within a cer-
tain range. This suggests a natural range of Higgs masses with which one can
perhaps constrain ρ.
3.1.3 Finite dimensional reps of SO(2, 3) and SP (4)
Of course, one has to consider how to embed the fields on AdS into more
manageable objects. Namely, one wants to use space dependent objects trans-
forming under a non-unitary, finite dimensional representation of L. However,
these do not exist as L is infinite cyclic. [34] One therefore can, at most, con-
sider finite dimensional faithful representations of the double cover of SO(2, 3),
which miraculously is the symplectic group SP (4;R) [2]. The situation is quite
similar to the one with SO(1, 3) and SL(2;C), where most of the represen-
tations are already given by ones of the regular group, while there are some
projective finite dimensional ones which exist as regular reps of the double
covering. In particular, the Dirac spinor will be realised as the fundamental
representation of SP (4), where it is irreducible.
For low dimensionality, one can generate all but two irreps and the scalar from
SO(2, 3)’s fundamental irrep 5. One proceeds in the usual manner as for the
orthogonal group [30,28], by taking tensor products, taking traces with respect to
the preserved metric, and thus decomposing each tensor product into traceless
parts, which are irreducible under SO(2, 3). So, I get the lowest dimensional
irreps with corresponding Young diagrams
0 • The scalar or trivial irrep, implemented as a function φ.
5 The fundmental irrep, implemented via V A.
10 The adjoint representation, used by the connection AAB.
14 Traceless symmetric, for example the 5D metric perturbation hAB.
The latter two fulfil TABηAB = 0 as the condition that projects the tensor
square into irreducibles.
This is not possible for the 4 irrep of SP (4;R), which is its fundamental and a
projective (or simply two-valued) irrep of SO(2, 3). We give the irreps of it as
well, for the lowest dimensions. Lower Latin indices will denote spinor indices
here.
25
SO(2,3) as a symmetry group
0 • The scalar or trivial irrep, implemented as a function φ. This is the same
for both groups.
4 The Dirac spinor Ψa, which is the fundamental.
5 The fundamental of SO(2, 3), here expressed as an antisymmetric tensor
V ab
10 The adjoint rep, here as symmetric tensors Qab.
14 The "Riemann tensor" irrep W abcd .
16 The second double-valued irrep, realised in Zabc . This likely corre-
sponds to the Rarita-Schwinger spinor, which can be realised by taking
the latter as Zaµ, with 16 components as it transforms under
(
1, 1
2
)⊕(1
2
, 1
)
.
These, unlike their SO(2, 3) counterparts, are not traceless with respect to the
5D metric, but an antisymmetric inner product defined in the fundamental as
Cab = −εba =
0 -1 0 0
1 0 0 0
0 0 0 1
0 0 -1 0
=
 0
0 − (3.15)
with  the usual antisymmetric symbol in 2D. This inner product matrix can
also be written using the Dirac matrices as C = −iγ0γ2. So, all but the 4 and
16 irreps can be related to each other. For example,
V A = φTCγAχ , with φ, χ ∈ 4 and φTCχ = 0 (3.16)
Since C is antisymmetric, the 16 components of φ, χ become 6 free ones, of
which another one is projected out so that this expression has 5 degrees of
freedom. One can check by using standard identities that this indeed trans-
forms as a 5-vector.
One can reduce these representations to ones of SL(2,C) and SU(2). Since
this is significant for this work, some of the decompositions are given here.
The notation is as follows:
SO(2, 3)/SP (4)-irrep ' SL(2,C)-irreps denoted by spin pairs ' SU(2)-irreps
denoted by spin.
0 ' (0, 0) ' 0
4 ' (1
2
, 0
)⊕ (0, 1
2
) ' 1
2
⊕ 1¯
2
5 ' (1
2
, 1
2
)⊕ (0, 0) ' 1⊕ 0⊕ 0
10 ' ((1, 0)⊕ (0, 1))⊕ (1
2
, 1
2
) ' 1⊕ 1⊕ 1⊕ 0
14 ' (1, 1)⊕ (1
2
, 1
2
)⊕ (0, 0) ' 2⊕ 1⊕ 0⊕ 1⊕ 0⊕ 0
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A few remarks about the reps of low dimension are in order. While they do de-
pend on q, they do so in the most trivial manner: for given spin s in (q, s), the
representations will have the same dimension, but transform differently under
time translations. Namely, just like the irreps of SO(2) are all 2-dimensional,
but differ in rotation speed, which reduces the group composition to addition
of real numbers, one gets in a generic exponential element
S = exp(− i
2
ABpi(MAB)) = exp(−f(q) i
2
5api(M5a)− i
2
abpi(Mab)) (3.17)
If one restricts to the SO(2)-subgroup, the extra factor in the translation part
will ensure that one restricts to a q-representation of it. In fact, without
introducing that factor, one will always seem to find q = s for the finite
dimensional representations, though there is, to my knowledge, no proof of
such a statement. One may restrict a representation of SP (4) to its maximal
compact subgroup SO(2)×SU(2), which has finite dimensional representations
labeled by energy and spin. This makes it possible to identify the (q, s)-values
of these finite dimensional reps. Take, for example, the fundamental of SP (4),
the Dirac spinor rep. A general element near the identity of the group is
represented by
S = exp(− i
2
ABΣAB) = exp(− i
2
xaγa − i
2
abΣab) (3.18)
setting xi, 0i = 0 gives the restriction
S = exp(− i
2
tγ0 − i
2
ijΣij) = exp(− i
2
tγ0)exp(− i
2
ijΣij) (3.19)
because the rotation and time generators commute. Of course, the right part is
just the usual Dirac bispinor representation of the rotation group. Disregarding
it, one finds for time translations
S = exp(− i
2
tγ0) = cos(
t
2
)1− isin( t
2
)γ0 (3.20)
so that one recovers a representation of SO(2) corresponding to q = 1
2
= s. To
gain a representation with q = 1, one will have to introduce a factor for the
γ0-part. Similarly, the fundamental of SO(2, 3) gives rise to a q = 1 = s-rep
of SO(2).
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3.2 Primary considerations for actions
Here I give my own thoughts about generally acceptable actions in the context
of MMSW. First, let me propose a few conditions on actions in order to be
compatible with the principles of the MMSW formalism. These are similar to
Fukuyama’s conditions. [9]
1. Diffeomorphism invariance.
2. Metric independence.
3. Local SO(2,3)-invariance.
4. Reduction to local SO(1, 3)-invariance once the standard gauge is as-
sumed for τ .
5. Reduction to the standard actions in the standard gauge and under
Inönü-Wigner contraction of the representations.
In addition, only renormalisable couplings will be considered here for simplicity,
and, of course, actions must be real-valued.
1) means that, as is usus in other theories, the spacetime manifold itself is
devoid of physical content. Any two manifolds which admit the same smooth
structure are indistinguishable and, in particular, the physics is independent
of chosen coordinates.
2) is given by the fact that a theory of MMSW type must work purely in terms
of the principal connection on Q before the vierbein acquires its standard role.
Otherwise, inconsistencies occur. This condition is equivalent to the actions
being those of a coupled topological theory. This is a very strong requirement.
However, this does not mean that the EM tensor of the theory vanishes as it
is now formulated through variation with respect to the MMSW connection.
4) This is self-explanatory.
5) This means that up to gauge fixing removing nonstandard terms in the
action, the coupling to other fields must generate the canonical volume element,
if needed, and at most generate terms which scale as O( 1
ρ2
) or similar.
Generally, one will have to use the covariant derivative of the tangency map
to couple properly. This is due to its property that, in the standard gauge [9],
DτA = dτA +AABτB (3.21)
→ AA5 = −ρ
ρ
θaδAa (3.22)
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So, I can incorporate this in order to generate a volume form. Generically, for
[f ] = 4,
Sf =
1
4!ρ
∫
M
f ~ (Dτ ∧Dτ ∧Dτ ∧Dτ)
=
1
4!ρ
∫
M
ABCDE f Dτ
A ∧DτB ∧DτC ∧DτDτE
→ 1
4!
∫
M
abcd f θ
a ∧ θb ∧ θc ∧ θd
=
∫
M
vol f
(3.23)
in the standard gauge, so one can create any scalar (non-derivative) term with
this action that will reduce to the standard integral for functions. This will
not work for derivatives, though.
A second way in which one can introduce couplings that do not contain deriva-
tives in the unbroken phase is to use an action of the type
S5 =
1
4!
∫
M
QADτB ∧DτC ∧DτD ∧DτEABCDE (3.24)
→
∫
M
vol Q5 (3.25)
which, in the standard gauge, shows that only a Lorentz scalar part of the
5-vector QA contributes to the action. I will later use this to create Yukawa
couplings. Overall, one will need to create a metric-independent, SO(2,3)-
invariant four-form to integrate over from just the derivatives of the fields, τ
andDτ , which guarantees the conditions above. Note that [τA] = −1 = [DτA],
so that [QA] = 4.
One will, for representation theoretic purposes, have to use the transformation
properties under diffeomorphisms in addition to the internal representation
to show the particle content of an action. For example, taking the regular
Palatini formalism, with Minkowski space as a background, one can take the
four-vector-valued one-form V aν . It will transform, under combined internal
Lorentz and external Poincaré transformations, as
⊗
' ⊗ ' ⊕ ⊕ • (3.26)
Here, the upper part shows the representation associated to the internal index,
while the lower part shows the spacetime representation. The far right hand
side shows the reduced Lorentz representation the object transforms in. As
such, this one-form can actually describe s = 2, 1, 0-fields, even though a first
look suggests otherwise. One can turn the object into a totally internal two-
tensor by use of η, g, θ and e when available. Then, the way it transforms
becomes more transparent, but this is not possible for internal SO(2, 3)-reps.
The equivalent procedure for these representations is to first decompose them
into SO(1, 3)-reps as given in section 3.1.3. Then, for example for an object
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V Aµ = (V
a
µ , V
5
µ ), the full representation under an external and internal Lorentz
group is given as
⊗(
1
2
,
1
2
)
'
( 12 , 12)⊕(0,0)
⊗(
1
2
,
1
2
)
'
(
1
2
,
1
2
)
⊗
(
1
2
,
1
2
)
⊕
(
1
2
,
1
2
)
(3.27)
' (1, 1)⊕ (1, 0)⊕ (0, 1)⊕
(
1
2
,
1
2
)
⊕ (0, 0) (3.28)
with Young tableaux now given for SO(2, 3)-irreps. So one can see that one
can embed s = 2, 1, 0 fields in this type of object, yet again.
It is instructive to consider the MMSW field for a moment. It is described by
an object AABµ = (Aabµ , A5bµ ) which thus transforms under the Lorentz group
irrep
((1, 0)⊕ (0, 1)⊕ (0, 0))⊗
(
1
2
,
1
2
)
(3.29)
'
[(
1
2
,
1
2
)
⊕
(
3
2
,
3
2
)
⊕
(
1
2
,
1
2
)]
⊕ [(1, 1)⊕ (1, 0)⊕ (0, 1)⊕ (0, 0)] (3.30)
where the first
(
1
2
, 1
2
)
-irrep is a pseudovector under reflections, which are not
considered here. The first square brackets contain the irreps corresponding to
the spin connection part Aabµ , the second ones contain the vierbein A5bµ . On-
shell, the vierbein determines the spin connection through the torsion freeness
condition, so that in this reduced action, one has only the second part. Of
course, this analysis only makes sense in the broken phase, when the vierbein
exists. There, one can switch between internal Lorentz and spacetime indices
freely in order to give the field content an interpretation in terms of irreps.
Say one wants to remove the spin-1 and spin-0 parts of θ, which corresponds
to
θab = θba θabηab = 0 (3.31)
where θab := θaµeµc ηbc. Then, there are 9 degrees of freedom left, which give the
metric constructed from θ 9 DoF. One can thus see that this gives all freedom
of a traceless perturbation of the background metric, which is the potential
used for linearised gravity. In the original form though, one has in principle
16 degrees of freedom for the vierbein. 6 of these can be taken as gauge due
to internal Lorentz invariance. Similarly, diffeomorphisms are able to remove
four more degrees of freedom, with constraints taking away four more, leaving
the two of the propagating graviton.
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gauged SO(2,3)-invariance
Here, I will propose and discuss kinetic terms for some standard fields and
couplings between them. Many results here relate to work by Fukuyama [9].
4.1 Dirac spinors
The Dirac spinor is possibly the most simple case of a coupling and has been
discussed by Fukuyama 35 years prior to this thesis. In my convention, his
action reads
SFukuyama =
−1
3!
∫
M
ABCDE ψ¯
(
iΣABD +
λρ
4
τADτB
)
ψ ∧DτC ∧DτD ∧DτE
(4.1)
=
1
3!
∫
M
ψ¯(Dτ 3)ABΣ
AB ∧ iDψ + −λ
4!ρ
∫
M
ψ¯ψ ~ (Dτ 4) (4.2)
with the covariant derivative
Dψ = dψ + i
1
2
AABΣABψ (4.3)
= dψ + is
1
2
ωabΣabψ + i
q
2ρ
θaγaψ (4.4)
in the 4-irrep of SP (4), and [λ] = +1. This action is, by transformation
properties of ψ and Σ, manifestly diffeomorphism and SO(2, 3) invariant. In
the standard gauge,
SStG =
−2
3!
∫
M
fbcd ψ¯Σ
5f iDψ ∧Dτ b ∧Dτ c ∧Dτ d − λ
∫
M
volψ¯ψ
=
2
3!
∫
M
fbcd ψ¯Σ
5f iDαψ e
α
aθ
a ∧ θb ∧ θc ∧ θd − λ
∫
M
volψ¯ψ
= 2
∫
M
vol δaf ψ¯Σ
5f iDαψ e
α
a +−λ
∫
M
volψ¯ψ
=
∫
M
vol
(
ψ¯γb eαb iDαψ − λψ¯ψ
)
=
∫
M
vol ψ¯
(
i /D − λ1)ψ
(4.5)
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While this superficially looks like the Dirac action for curved spacetime, it still
contains the θ-part of the SO(2, 3)-connection. One can decompose it thus,
using Dψ = dψ + i1
2
AABΣABψ = dψ + i s2AabΣabψ + iqA5bΣ5bψ:
iγaeµaDµψ = iγ
aeµaD˙µψ −
q
2
γaeµaA5bµ γbψ (4.6)
= iγaeµaD˙µψ −
q
2ρ
γaeµaθ
b
µγbψ (4.7)
= iγaeµaD˙µψ −
2q
ρ
ψ (4.8)
with D˙ the covariant derivative w.r.t. the SO(1, 3)-connection. This gives the
action
S =
∫
M
vol ψ¯
(
i /˙D − (λ+ 2q
ρ
)1
)
ψ (4.9)
This shows that even in the absence of a quadratic coupling, the action still
displays a positive mass term. This works as a natural infrared regulator for
all fermions. In fact, if one removes the quadratic coupling and makes the
coupling to the vierbein variable take the form Dψ = D˙ψ + qA5bΣ5bψ, thus
making it transform in the (q, 1
2
)-irrep of SP (4), one has an effective mass term
of value mAdS = 2qρ . Thus, for the (q = 1), one would have the minimal value
for the mass, while q > 1 it is unbounded above. The interpretation is that
there is a maximal correlation length ξ = 1
mAdS
= ρ
2
for spin-1
2
fields with in-
ternal SO(2, 3)-invariance. The natural mass term is thus completely encoded
in the internal transformation properties of the fields. Further quadratic cou-
plings will, of course, introduce changes to the mass.
Before considering Majorana spinors, I note the two bilinear products on 4
which are invariant.
B(φ, χ) = φ†γ0χ = φ¯χ (4.10)
M(φ, χ) = −iφTγ0γ2χ = φTCχ (4.11)
These are the only real, invariant bilinear forms in this representation. Thus
the unique scalar one-form terms are
B(ψ,Dψ) = ψ¯Dψ M(ψ,Dψ) = ψTC Dψ (4.12)
One can get more interesting products by introducing Clifford algebra ele-
ments, which all have definite transformation properties:
B(ψ, γADψ) = ψ¯γADψ B(ψ,ΣABDψ) = ψ¯ΣABDψ (4.13)
M(ψ, γADψ) = ψTCγADψ M(ψ,ΣABDψ) = ψTCΣABDψ (4.14)
which transform according to their indices as tensors of the 5 irrep as expected.
Of course, higher order Clifford terms are also allowed, but they will not be
relevant here. A simple check shows that both ψ¯γADψ as well as ψ¯ΣABDψ
give rise to the same action as Fukuyama’s in the standard gauge. So both are
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legitimate actions giving rise to massive spinors.
Here, I will prefer the variant with one gamma matrix due to its simplicity, as
well as the change one has to make to the Fukuyama action due to it:
S =
−1
3!ρ
∫
M
ψ¯iγADψ ∧~(Dτ ∧Dτ ∧Dτ)A
=
−1
3!ρ
∫
M
ABCDE ψ¯iγ
ADψ ∧DτB ∧DτC ∧DτDτE
=
1
3!ρ
∫
M
ψ¯iγA ~ ((Dτ)3)A ∧Dψ
(4.15)
If one wants to use chiral spinors, the equivalent of Weyl spinors, or Majorana
spinors, one has to impose constraints on ψ: [35]
Weyl P±ψ = ψ
Majorana (ψ¯C)T = iγ0γ2γ0ψ∗ = −iγ2ψ∗ = ψ
The second condition implies M(ψ∗, ψ∗) = B(ψ, ψ), which one could interpret
as the spinor being real.
Each of the actions here gives a spin-1
2
field, as one only has internal transfor-
mations to worry about.
33
Actions and couplings in MMSW
4.2 Scalar fields
Some of the generic problems of writing metric-independent actions already
appear in the case of the scalar particle. For scalars, any scalar product will
give rise to an SO(2, 3)-invariant bilinear, so that for a single complex scalar,
one can only have
φ†φ, (φ†φ)2 , φ†Dφ+ h.c., (Dφ)† ∧Dφ (4.16)
as renormalisable terms. While the former two can be subsumed in the stan-
dard form (3.23), the latter two are candidates for kinetic terms. However, in
the scalar representation, there are no objects like the gamma matrices, which
allow to couple to τA.
Namely, one could use an action of the type
S =
1
ρ
∫
M
((Dφ)† ∧Dφ)AB ∧~(Dτ ∧Dτ)AB (4.17)
=
1
2!
∫
M
vol ((Dµφ)
†Dνφ)ab (eµae
ν
b − eµb eνa) (4.18)
=
∫
M
vol ((Dµφ)
†Dνφ)µν (4.19)
which does not produce a scalar field action as M is antisymmetric. Thus, one
needs a more elaborate construction. One, also due to Fukuyama [9], is to use
a first-order action for a 5-vector φA:
S =
1
3!ρ
∫
M
ABCDE φ
ADφB ∧DτC ∧DτD ∧DτE
=
−1
3!ρ
∫
M
abcd(φ
5Dφa − φaDφ5) ∧ θb ∧ θc ∧ θd
=
−1
3!ρ
∫
M
vol rbcdabcd
(
φ5Drφ
a − φaDrφ5
)
=
−1
ρ
∫
M
vol eµa
(
φ5Dµφ
a − φaDµφ5
)
(4.20)
after assuming the standard gauge again. This action can be written as, using
MµAB, with M
µ
a5 = e
µ
a ,but otherwise 0 and antisymmetric,
S =
1
ρ
∫
M
vol φAMµABDµφ
B (4.21)
which has the following equations of motion:
Dµ(φ
AMµAB) = M
µ
BA(Dµφ)
A (4.22)
2Dµ(φ
AMµAB) = Dµ(M
µ
AB)φ
A (4.23)
where the free index B on the LHS is understood to be outside the bracket, so
that this is not just a partial derivative.
2Dµ(φ
5eµa) = Dµ(e
µ
a)φ
5 2Dµ(φ
aeµa) = Dµ(e
µ
a)φ
a (4.24)
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To see where this is heading, take the case where Dµ(eµa) = 0, which, in the
equivalent Riemannian case, corresponds to
Γρρµ = 0 = ∂µ(
√−g)) (4.25)
In this case, which assumes the volume element to be constant, the equations
simplify to
(Dµφ)
5 = 0 eµa(Dµφ)
a = 0 (4.26)
Using the first relation, one can find φa = −ρηabeµb ∂µφ5. As such, the φa
are identified as the derivatives of the field φ5 and this yields a second order
equation from the second equation of motion:
eµa(Dµφ)
a = eµa(∂µ(φ
a) + ωaµbφ
b +Aaµ5φ5)
= −ρ2eµa(∂µ(ηaceνc∂νφ5) + ωaµbηbceνc∂νφ5 +
1
ρ2
θaµφ
5)
= −ρ2eµa(ηac∂µ(eνc )∂ν(φ5) + D˙(eν)cηac∂µ(φ5) +
1
ρ2
θaµφ
5)
= −ρ2(eµaηaceνc∂µ(∂ν(φ5)) + eµaD˙µ(eν)cηac∂µ(φ5) +
1
ρ2
eµaθ
a
µφ
5)
= −ρ2(gµν∂µ∂νφ5 + 4
ρ2
φ5) = 0
⇒ (+m2AdS)φ5 = 0 mAdS =
2
ρ
(4.27)
where in the last line the condition on the affine connection was used again.
One can enforce the unirrep of the embedded spin-0 field by setting the spin-
connection coupling to zero:
(Dφ)a = dφa + s ωabφb − q
ρ
θbφ5 (4.28)
(Dφ)5 = dφ5 +
q
ρ
θbφb (4.29)
so the 5th component does not have a spin-part, as is to be expected. By
setting s = 0, one should acquire a description of a spin-0 field, though a check
of this will be left to future investigations. While one could set q = 1, 2 to
make a conformal scalar, there is no guarantee for the action to actually be
conformally invariant.
One may also use Fukuyama’s action [9]
Sconf = − 1
2ρ
∫
M
(φF τF )
2 FAB ∧~(Dτ 2)AB
→ −ρ2
∫
M
F ab ∧ θc ∧ θdabcd(φ5)2
= −ρ2
∫
M
vol (R +
12
ρ2
)(φ5)2
(4.30)
which describes a conformal scalar.
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One sees that a working method for embedding scalars was to introduce them
as a component of the 5-irrep. Since 5 ' (1
2
, 1
2
) ⊕ (0, 0), the derivative part,
which is the 4-vector, decouples from the 5th component, which then trans-
forms as a scalar under the residual internal SO(1, 3)-invariance. Namely,
under an Anti-deSitter transformation,
φ(x)A → Λ(x)ABφ(x)B (4.31)
(φa, φ5)→ (Λabφb + Λa5φ5, Λ5bφb + Λ55φ5) (4.32)
for example under Λab = δab ,Λ55 = Λ00 = cos(α),Λ50 = − sin(α) = −Λ05, which is
time translation with ∆t = ρα
c
:
(φ0, φi, φ5)→ (Λabφb + Λa5φ5, Λ5bφb + Λ55φ5) (4.33)
so that, seemingly, the scalar and its time derivative mix. However, this is not
an issue. Since one can freely choose any gauge, it is clear that the dynamics
cannot actually depend on the section chosen. As such, one will always find
a way to eliminate four components of the 5-vector involved in favour of the
remaining component, which will become the propagating scalar.
Without the restriction above, one instead finds
φa = −ηabρ
(
∂µ(φ
5)eµb +
1
2
φ5∂µ(e
µ
b ))
)
(4.34)
Using this in the last line of (4.20) yields
S =
∫
M
vol
[
eµaφ
a∂µ(φ
5) +
1
ρ
φaφa + φ
5(D˙µφ)
aeµa −
4
ρ
(φ5)2
]
(4.35)
which, in turn, results in the hefty expression∫
M
vol( 3∂µφ∂
µφ+ φφ− 1
2
(
2
ρ
)2φ2 +
1
4
φ2∂αe
αa∂σe
σ
a (4.36)
+
1
2
φeµaD˙µ(∂νe
ν)a +
5
2
φ∂µφθbµ∂νe
ν
b + φ∂νφe
µ
a(D˙µe
ν)a) (4.37)
upon inserting (4.34). Here, the distinction between θ and e has been neglected
for simplicity, as one is in the broken phase for this calculation.
This action gives rise to the equation of motion:[
+
(
2
ρ
)2]
φ− 1
8
eµaD˙µ(∂νe
ν)a (4.38)
+ φ
(
∂αe
αa∂σe
σ
a +
5
8
θbµ∂µ∂νe
ν
b +
1
4
∂µ(e
ν
a(D˙νe
µ)a)
)
= 0 (4.39)
These seem to not reduce directly to the last line of (4.27) when the constraint
(4.25) is imposed. However, the leading term that does not depend on deriva-
tives of e is the same as for a free scalar field. Since the full equations include
the coupling to the MMSW field, this extension is to be expected. However, it
is unknown to me how one has to impose the constraint on these full equations
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of motion to arrive at the expected equations in terms of the affine connection
corresponding to A. As Fukuyama mentioned, but did not explain in detail,
the leading order terms of this equation should give rise to the standard cou-
pling of a scalar to gravity. Thus, it seems that in the MMSW formalism,
scalar fields are predicted to have additional interaction terms with the gravi-
tational fields, which might be falsifiable. However, lacking solutions to these
equations, one can only speculate.
To see why one needs a nontrivial, finite representation to embed the scalars,
one only has to look to other gauge theories. If a field transforms under
an internal invariance group, the corresponding covariant derivative will need
to include generators in a fitting, finite representation of the group. For a
nonabelian group, there are no nontrivial one-dimensional, finite dimensional
representations, so one cannot use 1D irreps to embed fields charged under the
internal invariance. For example, in SU(2) Yang Mills theory, one cannot de-
scribe a weakly charged scalar singlet - one needs a multiplet that transforms
nontrivially (in the 2-irrep) under the internal group. Analogously, for the
SO(2, 3)-invariance of MMSW, this implies that fields with spin, even scalar
fields, transform in a nontrivial finite-dimensional irrep of SP (4).
Thus, one can see this formulation of the scalar field as the most efficient one,
but one might probably be able to use the 4-irrep as well. In addition, this
argument shows that in general, objects which transform trivially under the
internal SO(2, 3) will lack an interpretation in terms of particle carriers. Here I
only considered real scalars. If one used more complicated representations, the
situation might change enough to grant a description which is less nonlinear.
There is a final and severe problem for this construction: The component
identified with the propagating scalar is not gauge invariant - it is part of
a multiplet - it cannot be an observable. Only the combination φAφA can
possibly have meaning. This leads me to believe that one needs a different
construction to properly describe the Higgs field in MMSW.
There is one way, later also used for Yang-Mills fields, to do it properly. I con-
structed an action by means of an auxiliary field which, on-shell, reproduces the
action of a scalar field. The scalar φ itself is without any indices with respect to
SO(2, 3), so it transforms trivially, but the auxiliary V A is a 5-vector zero-form
whose covariant derivative I suppose to be DV A = dV A + 1
ρ
θaδA5 Va− 1ρθaδAa V5,
so without spin connection part. The action is as follows:
S =
−1
3!ρ
∫
M
(Dφ+
1
2
VADτ
A) ∧ V B(~Dτ 3)B (4.40)
→
∫
M
(Dkφ− 1
2
Vk)V
kvol (4.41)
where, in the standard gauge, the equation of motion for V gives VADτA = Dφ
or Vk = Dkφ. When reinserted into the action, this reproduces the familiar
action for a massless scalar field. In addition, the scalar is a viable observable
here and the equations of motion are linear. It seems that the coupling is not
exactly correct.
As one can see, there are multiple ways to implement a scalar field. However,
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both seem unnatural and require the use of auxiliary fields, while one even
introduces mandatory nonlinearities to the theory.
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4.3 Yang-Mills fields
Yang-Mills(YM) fields are in a sense more and less problematic than scalars.
Since they transform nontrivially under diffeomorphisms, one can find more
ways to construct actions which might be SO(2,3)-invariant. However, finding
an action which exactly reproduces the YM action1
SYM =
−1
2g2
∫
M
tr(F ∧ ∗F ) (4.42)
has so far been unsuccessful. Mainly, the absence of a metric makes a proper
Hodge dual impossible. Here, I will give some ideas and a solution of my own
as an approach this problem through a first-order formulation of YM theory.
There was no kinetic term for these fields available, as Fukuyama’s result does
not fulfil the criteria put forth in section 3.2.
Let me assume that, for lack of a better theory, there is no unification of gravity
and YM theories, so that one does not describe them through one single field.
Then, one will optimally use the gauge connections as one-forms Bµdxµ just
like the MMSW connection form and one will have a single principal bundle
from which the total connection stems. However, as seen in section 3.1.2, one
cannot have these connection forms describe particles unless they transform
nontrivially under the internal SO(2, 3). So, the minimum one has to describe
YM is a 5-valued one-form BAµ . On a flat background, this will live in the
representation
(1, 1)⊕ (1, 0)⊕ (0, 1)⊕
(
1
2
,
1
2
)
⊕ (0, 0) (4.43)
as described in section 3.2. If one wants to describe spin-1 particles with
this gauge potential, one needs to remove the scalar and tensorial part at
the very least. To describe YM, one needs to remove the parity-invariant
spin-1 part as well. One way would be to only leave the A = 5-part, which
would transform properly under Lorentz again and could have the usual gauge
constraints imposed on it again. The simplest way to achieve this is to only
use the combination
B˜A = BCτCτ
A (4.44)
→ B5δA5 (4.45)
but for now I shall concentrate on finding the most general kinetic term for
such a field.
To find such a term, I will assume that the action has an antisymmetric symbol
in it, like all other actions considered so far do. This, with the requirement of
integrating over a four-form, gives two numerical constraints on the numbers
1Here, I assume that tr(T aT b) = δab for a the Lie algebra generators of a gauge group N in
order to make the numerical factors fit for Maxwell theory as well.
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of factors in the kinetic term. Let NB, NDB, Nτ , NDτ denote the numbers of
B,DB, τ,Dτ -factors, respectively. Then one has
NB + 2NDB +NDτ = 4 (4.46)
NB +NDB +Nτ +NDτ = 5 (4.47)
where Dτ is either 1 or 0. Subtracting the two gives NDB + 1 = Nτ , which
can only be satisfied for NDB = 0, Nτ = 1. So it is impossible to include a
derivative of B in this structure. One thus needs a different structure for this
problem. Another attempt might be an action like
S =
∫
M
tr((DB)A ∧ (DB)B)ηAB (4.48)
In the case that Ba = 0, this reduces to
S =
∫
M
tr((DB)5 ∧ (DB)5 − 1
ρ2
ηabθ
a ∧ θb ∧B5 ∧B5) (4.49)
=
∫
M
tr(dB5 ∧ dB5) (4.50)
which can be identified as the self-dual YM action or the theta term in non-
abelian theories. It is also just the second Chern class of the connection. This
is purely topological and does not have any coupling to gravity. A way to
circumvent this restriction might be to use a dynamical mechanism of "flat-
tening" the connection to its 5th component, which could give a small coupling
to the MMSW field. As it stands, though, this is unsatisfactory as one cannot
guarantee this approach to exactly reproduce the YM action.
A different action can give rise to the YM action, however. To my knowledge,
this has not been done in the literature before.
One can get the YM action for a gauge group N from an -type action and an
additional, auxiliary field which is a 10⊗ ad(N)-valued zero-form:
S =
α
4ρ
∫
M
trG(trN(FC) ∧~(Dτ ∧Dτ))
=
α
2ρ
∫
M
trN(FCAB) ∧~(Dτ ∧Dτ)AB
→ α
∫
M
vol trN(FµνCab)eµae
ν
b
(4.51)
after changing to the standard gauge. If one adds a term to induce F =
DτA ∧ DτBCAB, this recreates the YM action exactly. The situation is thus
similar to the scalar field in that one has to switch to a first-order description
and needs auxiliary fields, but distinct in that the auxiliaries do not transform
under the same representation as the primary field. In fact, the connection
form transforms trivially in this approach, but the dynamics may relate its
field strength to the auxiliary C to give it an interpretation as a particle carrier.
In addition, this setup preserves the role of each gauge connection perfectly
40
Yang-Mills fields
and one can write a complete action for the entire internal gauge group.
One action which does give rise to the sought-for relation is
SC=F =
−α
8ρ
∫
M
trG(trN((CABDτA ∧DτB)C) ∧~(Dτ ∧Dτ))
=
−α
4ρ
∫
M
trN((CABDτA ∧DτB)CRS) ∧~(Dτ ∧Dτ)RS
=
−α
4ρ
∫
M
trN(CABCRS)DτA ∧DτB ∧~(Dτ ∧Dτ)RS
(4.52)
The equation of motion for C gives C˜ := CABDτA∧DτB = F . The full action
is simply
S =
α
4ρ
∫
M
trG(trN
[
(F − 1
2
C˜)C
]
∧~(Dτ ∧Dτ)) (4.53)
and has nontrivial coupling to gravity. This is highly similar to the other
actions found here, unlike the Fukuyama scalar action, which does not include
τ without its derivative. As the gauge potential appears only in combination
with C, the auxiliary field must transform like F does, to make the action gauge
invariant. It is obvious that only the four-tensor part of the auxiliary field plays
a role in the action. As such, its interpretation as a spin-1 particle is a given.
In addition, the gauge invariance of the theory gives a clear indicator that this
action describes, through convoluted means, a D(2, 1)-theory, as these are the
only spin-1 representations that admit gauge invariance. This is implemented
as
(DC)AB = dCAB + s
1
2
fABcd,EF ω
cdCEF +
q
ρ
fAB5b,EF θ
bCEF (4.54)
with s = 1, q = 2. Again, one would need to check explicitly that this lives in
the supposed unirrep, but this will not be done here as a quantal version of
this theory is still missing. One can thus find a way to introduce YM fields,
but it also requires a somewhat artificial construction. Most importantly, in
giving gravity the form of a YM type action, one had to sacrifice the same form
for spin-one gauge fields. This clashes heavily with the hope behind MMSW,
which is to describe all gauge bosons in an equivalent way.
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4.4 Matter-Matter couplings
The requirements put forth in section 3.2 highly restrict possible renormalis-
able matter-matter couplings, which warrants a separate discussion. Derivative
couplings will not be dealt with here, as they have similar complications as the
actions given above. Also, some derivative couplings can be naturally incor-
porated within terms that, in the unbroken phase, do not include derivatives.
In addition, the usual couplings from YM theory generalise readily and do not
need adjustment, as they are completely encoded in covariant derivatives. The
results of this section are not based on previous work by other authors.
4.4.1 Self-interaction
First, one might be interested in self-coupling. As is well-known, there are no
renormalisable spinor self-interactions on 3+1D Minkowski space, as simple
dimensional analysis will tell. The situation in MMSW is similar: As Dirac
spinors can only appear in pairs in the action, one cannot use terms which
include more than two Dirac fields without creating a non-renormalisable in-
teraction. For scalars, which have mass dimension one, I constructed the usual
cubic interaction vertex, while the quartic one was given by Fukuyama [9]. How-
ever, the embedding of scalar fields into 5-vectors makes this more challeng-
ing, as manifest SO(2, 3)-invariance must be preserved. One can use the first
generic coupling for the quartic coupling:
S4 =
λ4
ρ
∫
M
(
φAφA
)2 ~ (Dτ ∧Dτ ∧Dτ ∧Dτ) (4.55)
→ λ4
∫
M
vol (φaφa)
2 + (φ5)4 (4.56)
A similar form was given by Fukuyama as well. And similarly, for the second
generic coupling using a 5-vector for the cubic coupling:
S3 =
λ3
4!ρ
∫
M
φMφ
MφADτB ∧DτC ∧DτD ∧DτEABCDE (4.57)
→ λ3
ρ
∫
M
vol
(
φ5φaφ
a + (φ5)3
)
(4.58)
One can recognise the cubic and quartic terms easily. However, the φa-
components also make an appearance. One cant simply use the formula (4.34)
to eliminate these now, as the interaction term will modify the relation. Indeed,
that elimination process will inevitably give dependencies on the coupling con-
stants [λ4] = 0 = [λ3] 2 and induce additional, higher order nonlinearities when
reinserted into the action. As such, one can see that it is extremely difficult to
introduce free scalars into this picture. This might not be of high importance,
2The cubic coupling has been changed arbitrarily to be dimensionless in favour of a 1ρ -
prefactor, which has interpretive advantages in the full theory. One may of course use a
more general, dimensionful constant, but this just amounts to a rescaling. See the discussion
in section 5.
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however, as only one specialised scalar field is known to be fundamental, and
it transforms nontrivially under additional internal symmetries as well. The
nonlinearities shown here could perhaps even give rise to more complicated po-
tentials, giving the Higgs a richer vacuum structure. However, the interactions
might also spoil the invertibility for φa and thus make it difficult to determine
whether the field still describes a spin-0 particle. As it is the more realistic
case, consider the quartic theory,
S =
1
ρ
∫
M
ABCDE
[
1
3!
φADφB +
λ4
4!
(
φAφA
)2
τADτB
]
∧DτC ∧DτD ∧DτE
(4.59)
→
∫
M
vol
1
ρ
φAMµAB(∂µφ
B +ABCφc) + λ4
(
φAφA
)2 (4.60)
which give the EoM
(Dµ(φ
AMµAB))−MµBA(Dµφ)A = 4ρλ4φB
(
φAφA
)
(4.61)
In the case of Dµ(eµ)a = 0, one gets the relation
φa = −2ρ∂aφ5 − 4ρ2λ4φa
(
φbφb + (φ
5)2
)
(4.62)
which is not invertible for φa. One can, of course, still try to use perturbation
theory in λ4, though it will necessarily make more and more interaction terms
appear in higher orders. This is clear as one has integrated out the four-vector
components of the field. For example, the solution to first order in λ4 already
gives
φa = φ
(0)
a + λ4φ
(1)
a (4.63)
= −2ρ∂aφ5
[
1 + 4ρ2λ4∂aφ
5(4ρ2∂bφ
5∂bφ5 + φ5φ5)
]
(4.64)
and so a perturbation series for quantities involving only φ5 will become ex-
tremely difficult for strong couplings. Overall, one can see that scalar fields are
a weak point of MMSW, unless those difficulties can be avoided by considering
the full 5-vector.
A last fact about special solutions of the full, unbroken equations of motion is
noteworthy: When one considers φa = 0-solutions, one has
2eµa∂µφ
5 + φ5(Dµφ
µ)a = 0 λ4(φ
5)3 +
2
ρ2
φ5 = 0 (4.65)
which implies that one can, for negative λ4, find constant solutions which
are nonzero: VEV = ±
√
−2
ρ2λ4
. Thus one can, in principle, achieve a Higgs-
type mechanism for scalar fields even in the full theory, though the resulting
dynamics may differ wildly.
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4.4.2 Yukawa interactions
Yukawa-type couplings can be easily incorporated into the MMSW formal-
ism. I took either of the generic coupling actions given in 3.2 to construct an
interaction term for a real scalar and a Dirac spinor in multiple ways, with
appropriate coupling constants:
1. S1 = 14!ρ
∫
M
ψ¯γAψφA ~ (Dτ ∧Dτ ∧Dτ ∧Dτ)
2. S2 = 14!ρ
∫
M
ψ¯γAγ5ψφA ~ (Dτ ∧Dτ ∧Dτ ∧Dτ)
3. S3 = 14!
∫
M
ψ¯ΣAMψφMDτ
B ∧DτC ∧DτD ∧DτEABCDE
4. S4 = 14!
∫
M
ψ¯ΣAMγ5ψφMDτ
B ∧DτC ∧DτD ∧DτEABCDE
5. S5 = 14!
∫
M
ψ¯φAγ5ψDτB ∧DτC ∧DτD ∧DτEABCDE
6. S6 = 14!
∫
M
ψ¯φAψDτB ∧DτC ∧DτD ∧DτEABCDE
These give various derivative and non-derivative spinor-scalar couplings, of
which only S5, S6 give the regular Yukawa couplings freely. S3, S4 both give
nonlinear interactions involving derivatives, while S1, S2 give a combination of
both. Thus, all couplings present in the standard model can be incorporated
into the MMSW formalism. Obviously, this will modify the relation (4.34) for
the four-vector part as well and create even more effective couplings between
the scalar and the spinor.
4.5 The role of Torsion
It is worth clearing up a few issues regarding the presence of nonzero torsion
in the dynamics. As was put forth elsewhere [2], Diffeomorphisms and internal
transformations are part of a semidirect product group. The two do not com-
mute and there is a special relationship between them when the field strengths
F of the gauge connection vanish. The change of a connection-one form under
internal transformations with parameter  and diffeomorphisms with parame-
ter ξ is
δξ,(A) = d+ LξA (4.66)
Under certain redefinitions of fields, one can write it as
δξ,(A) = d+ iξF (4.67)
If the field strength F vanishes, one may do even more, as one always has
LξA = D(iξA) + iξF (4.68)
just by a generalisation of Cartan’s magic formula. When the field strength
vanishes, one can identify the changes on the left with the changes on the
right, or diffeomorphisms with gauge transformations. For a gauge algebra
which has dimension lower than dim(M) = 4, one does not have enough free
parameters to do so. However, when one has at least dimension 4, one can
set a part of the curvature to zero to have exact correspondence between the
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two transformations. In Einstein gravity, one sets the torsion to zero, which
gives exact correspondence between local translations and diffeomorphisms and
reduces the total gauge degrees of freedom from 10 to 6. These 4 + 4 + 6 =
14 constraints and transformations then allow one to reduce a general, non-
symmetric metric to the two propagating degrees of freedom of a massless
graviton.
Now, this would be nice and simple, but the dynamics put constraints on how
much this is possible. To understand this, one has to view MMSW as an
extension of EG in the sense of Einstein-Cartan theory [3]. Torsion is allowed
to be, in principle, nonzero, by allowing for more general metric connections.
In Einstein-Cartan theory, one just adds a contorsion tensor to the Levi-Civita
connection which results in an additional equation of motion for the torsion
tensor. This equation is algebraic and relates the spin and torsion tensors. This
same effect happens in the Palatini formalism when incorporating spinors. This
makes the question whether one can feasibly set the torsion to zero nontrivial.
To investigate this, a simple case such as a spinor coupled to MMSW should
suffice.
The action under consideration is
S =
1
4αρ
∫
M
FAB ∧ (~F )AB + 1
3!ρ
∫
M
ψ¯(~Dτ 3)AγA ∧ iDψ (4.69)
with equations of motion w.r.t A:
2
4αρ
(D ~ F )AB =
i
3!ρ
ψ¯γCΣABψ(~Dτ 3)C +
i
ρ
ψ¯γCψτB(~Dτ 2)AC (4.70)
which, in the standard gauge, are
1
2
abcdθ
b ∧ F cd = iκ
6ρ
ψ¯γcγaψcmnkθ
m ∧ θn ∧ θk − iκψ¯γbψabcdθc ∧ θd (4.71)
(D ~ F )ab = − iκ
3ρ
ψ¯γcΣabψcmnkθ
m ∧ θn ∧ θk (4.72)
The first equation reduces to Einstein’s field equation. The second one can be
written as
dF rs =
−iκ
3!ρ2
cmnk
rsabψ¯γcΣabψθ
m ∧ θn ∧ θk (4.73)
which shows that the exactness of the Lorentz part of the curvature is broken
by the presence of matter with spin. Using γcΣab = −i2 (γaδ
c
b−γbδca), which one
finds through commutators,
dF rs = − κ
3!ρ2
ψ¯γaψ θ
m ∧ θn ∧ θkbmnkbrsa
= − κ
3!ρ2
ψ¯γaψ θ
r ∧ θs ∧ θa
= −θr ∧ θs ∧ κ
3!ρ2
ψ¯γaψθ
a
(4.74)
so that clearly, the torsion tensor appears at no point of the calculation. How-
ever, as mentioned before, there is manifestly nonzero torsion in the Palatini
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variation. By using the relation of the spin tensor to the torsion, one actually
has
abcdθ
c ∧ T d + κ
3!
mnklψ¯(γaδ
m
b − γbδma )ψθn ∧ θk ∧ θl = 0 (4.75)
or
4θu ∧ T v + κ
3
δuvankl ψ¯γaψθ
n ∧ θk ∧ θl = 0 (4.76)
4θu ∧ T v + 2κψ¯γaψθu ∧ θv ∧ θa = 0 (4.77)
and so finally
T a =
κ
2
ψ¯γbψθ
b ∧ θa = κ
2
Jbθ
b ∧ θa (4.78)
If one now sees this as a relation for ω, by the definition D˙θ = T , one has
dθa + ωab ∧ θb = κ
2
Jbθ
b ∧ θa (4.79)
and so, by using [2]
Tabc = Yabc + ωacb − ωabc (4.80)
Y aµν := (dθ
a)µν (4.81)
where indices are raised and lowered by vierbeins, one achieves by adding cyclic
permutations:
ωabµ =
1
2
θdµηcd
(
Y abc + Y bca − Y cab)− 1
2
θcµηcd
(
T abc + T bca − T cab) (4.82)
ωabµ = ω
ab
(0)µ −
1
2
θdµηcd
(
T abc + T bca − T cab) (4.83)
where ω(0) denotes the torsion-free part of the connection.
In this case, T abc = κ
2
(
ηcaJ b − ηcbJa) and so
ωabµ = ω
ab
(0)µ −
κ
2
(
θaµJ
b − θbµJa
)
(4.84)
ω = ω(0) +K (4.85)
This is manifestly dependent on the matter flux Ja = ψ¯γaψ. Now that the
equation of motion has been solved for the spin connection, the torsion has
been completely eliminated from the dynamics. It is not constrained to vanish,
but instead the spin connection now is a function of the vierbein and matter
flux in such a way that it incorporates the dynamics of the torsion. One
can now, in principle, reinsert this expression into the action. When defining
R0 = dω(0) +
1
2
[ω(0), ω(0)], this will lead to the replacements
R→ R0 + D˙0(K) Dψ → D0ψ +Kψ (4.86)
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which will give new terms in the action, now only dependent on θ. In particular,
the Dirac action in the standard gauge will have an additional term
3
4
κψ¯γaψ ψ¯γaψ (4.87)
which is nonrenormalisable in 4D. Similarly, the gravity action generates new
terms like 2D˙0K ∧ θ ∧ θ + 12 [K,K] ∧ θ ∧ θ.
Now the question how the non zero torsion modifies the gauge degrees of free-
dom is more easy to answer. In general, the torsional part of the field strength,
as used in (4.68), is nonzero on-shell. Of course, one can replace it and the spin
connection in the action by appropriate expressions, which gives rise to effec-
tive theories whose torsion is non-manifestly nonzero. In doing so, however,
the effective EM tensor becomes the Hilbert one and the coupling prescription
is fixed at the cost of new terms which are quadratic in the matter fields and
may couple to the Riemann curvature directly.
This, however, masks the fact that the most natural coupling description for
spinors makes the gauge structure different. One can no longer represent diffeo-
morphisms as gauge transformations of the field. The invariance now should
consist of the diffeomorphism and the gauge group seperately. Since in the
standard gauge, one had to impose four constraints for each diffeomorphism
to ensure that physical components do not mix with unphysical ones [36], one
could reduce the 16 degrees of freedom of the vierbein to the two of the gravi-
ton. Now, it would seem that one has four more gauge freedoms, which would
be more than enough to eliminate the gauge field completely. However, since
the field strength and even torsion do not in general vanish, there seem to
be fewer constraints one can impose, exactly those four one previously had
when local translations corresponded to diffeomorphisms. Then, the torsional
and Riemann parts were seperate sectors and were required to mix so that
the propagating degrees of freedom stayed the same. This was implemented
as four constraints on the gauge field connecting diffeomorphisms and local
translations. Now, this is no longer necessary and one does not have these
constraints anymore in favour of proper local translation invariance.
One can thus see that there are still only two propagating degrees of freedom
even when the torsion is nonzero, at least after eliminating it and the free spin
connection from the action. The gauge group takes on a role more closely to
other gauge theories and diffeomorphisms have to be treated in MMSW as in
Yang-Mills theory.
4.6 When the vierbein vanishes
In this section, I want to note a peculiar feature of this formalism. When one
formulates the actions manifestly SO(2, 3)-invariantly, one finds that one can
have A = 0 without the actions vanishing. This is quite different from GR,
where the couplings were such that the vanishing of the vierbein would elim-
inate all coupled matter actions. Previously, these cases had been discarded
as unphysical, as there is no way to interpret these configurations of A or θ
as spacetime metrics. However, in light of the stability of the actions given
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here even when the MMSW field vanishes, I plead for inclusion of this case as
a legitimate one. As an example, I will consider a single spinor field, which
reads
S =
1
3!ρ
∫
M
ψ¯(~dτ 3)AγA ∧ dψ (4.88)
and where all instances of the gravitational field have been removed. It seems
that one could make this vanish, too, by going to the standard gauge or any
other constant section τ . However, one has to remember that to the zero-
field configuration, all pure gauge configurations of A are connected. As such,
choosing it to be zero amounts to choosing a gauge up to global transfor-
mations. So, one cannot reduce τ to the standard form anymore, unless
it is already in a globally equivalent form. As such, the action in question
need not necessarily vanish and one can even consider its equations of motion,
which turn out to be, when varying wrt. ψ¯ and τA, respectively, by defining
QA := ABCDEdτ
B ∧ dτC ∧ dτDγE:
γA(~dτ 3)A ∧ dψ = 0 ψ¯QA ∧ dψ = 0 (4.89)
where the boundary term for the second equation vanishes identically. These
are 8 equations and do not fix τ by much, so it seems that one has to provide
the tangency map even in the case of vanishing potential. However, there is a
natural choice, since for vanishing curvature one has also the gauge where the
potential is the one describing Anti-deSitter space - namely, τ sends a point of
the base manifold to an equivalent point in the local copy. So, by finding the
transformation that reduces the Anti-deSitter potential to zero, one can just
as well find an adequate tangency map by applying the same transformation
to the natural one for Anti-deSitter. Then, one could easily find insert that
expression into the equations of motion and ask for solutions, which seem to
have no large obstructions from existing. Indeed, on a compact manifold,
constant solutions for ψ trivially solve the equations, so the relevant question
is actually about the form of nonconstant solutions. The actual form of these
solutions, however, is not the point here. Instead, it is to point out that one can
have dynamics, however restrained, even in the absence of a gravitational field.
This supports the view that spacetime is an emergent phenomenon in some
sense, even though this conceptually very different from modern approaches
which seek to construct the spacetime manifold as an effective object. Here,
a metric, and thus an interpretation of the gravitational potential in terms of
Riemannian geometry is possible through the framework of Cartan geometry,
and no effective treatment of the fields is used. One still has the entirety of
field theory available, though the theories are all topological in nature. One
might see this interpretation of zero MMSW connections as the "simplest"
case of spacetime emergence, which is made possible in all cases where the
vierbein matrix is nondegenerate, which is almost always the case. Of course,
this is only an emergence of the metric as the underlying spacetime manifold
is entirely unaffected by all of this.
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In this thesis, some aspects of MMSW gravity with respect to coupling were
studied, in particular the form of invariant actions and their couplings. First,
the groundwork of the geometrical background was laid out to explain the pres-
ence and significance of the tangency point map τ . The reduction to Einstein
gravity was also highlighted. Afterwards, the action and equations of motion
of MMSW gravity were studied in both the unbroken and broken phase. Fol-
lowing on that, the representations by which field theories could be classfied
in this formalism were presented to lay the groundwork on which the later
sections were understood. From there on, kinetic terms for spinor and scalar
fields were discussed. The action for the scalar field was found to have several
issues, among them that Fukuyama’s action did not allow for the scalar to
be an observable. In addition, it was plagued by nonlinearities. I proposed
another action, but its coupling to gravity seems to be incorrect. As such, the
problem of the scalar field coupling remains open, though more possibilities
have been exhausted.
A similar problem, though with a more clear solution, has been found for
Yang-Mills fields. Here, I presented an option of using the gauge field as-is that
produces the expected coupling on-shell by means of an auxiliary zero-form.
This, together with the spinor action of Fukuyama in a modified form, gives
the framework one needs to describe electrodynamics in MMSW as the QED
coupling needs no further adjustment. Furthermore, some self-interactions and
Yukawa couplings were presented. It was found that the Fukuyama scalar is
highly difficult to deal with in perturbation theory even at low orders. Follow-
ing up, an explicit example showed the presence of nonzero on-shell torsion in
the dynamics and how to eliminate it. The gauge structure of MMSW in the
presence of such unconventional field strengths was explained through a lack
of imposable constraints. Finally, a bit of light was shone on seemingly patho-
logical configurations of MMSW. These were legitimised through an argument
about consistency of matter actions even in the pathological situation.
The main virtue of MMSW gravity is its clear similarity to Yang-Mills field
theories: The gravitational field is integrated into a gauge connection one-form,
which puts them on more even footing. In addition, it reduces the number
of free dimensionful parameters of the theory - instead of the cosmological
and Newton’s constant, one parametrises the theory by a tiny dimensionless
coupling and a fundamental length scale ρ. The theory predicts a coupling
to the Euler characteristic of the manifold, which is a quadratic gravity term
that does not affect the equations of motion. This is in principle only testable
through global means, which are not available to my knowledge, or by looking
for quantal effects of MMSW that depend on the Euler characteristic. The
latter seems untestable as of now, too, but in principle one should be able to
find the value of these constants given better measurements.
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Most predictions are indeed the same as for regular gravity: Spinor couplings
are equivalent to the usual ones, just as for gauge fields. Scalar fields have been
shown to be more problematic and will need more attention in the future, but a
more elaborate setup might remedy these issues. In the presence of matter with
spin, there is nonzero torsion, which is similar to Einstein-Cartan or Palatini
gravity. This has nontrivial effects on, for example, fermion shape and thus
the UV cutoffs of the theory [13].
There is, however, a large problem with these couplings and actions, nonethe-
less. To embed other bosons into this formalism in a manifest way, one has to
give up the usual form of the actions. In particular, s = 1 gauge fields are no
longer described by a Yang Mills-type action. This defeats the purpose of the
formalism, as it was intended to describe gravity through a gauge connection
and thus make it similar to a Yang Mills theory. One can learn from this,
however, that gravity is indeed very different from Yang Mills theories.
Now, given that the effective cosmological constant we measure in ΛCDM is
positive instead of negative, one cannot apply many of the formulas used here
to estimate the true value of ρ. Since the q-values for the masses of fermions are
extremely large, one will not be able to tell its value even if one had knowledge
of the lightest fermion’s mass, for example of the neutrinos. Instead, one might
take a different approach to find it:
If one takes a look at most, if not all of the SO(2, 3)-invariant actions in this
thesis, one will quickly see that they all share a common factor of 1
ρ
. If one
applied standard quantum field theory rules, one could interpret the kinetic
terms as those of effective theories with coupling dependency Eρ
E
, so associated
with an infrared cutoff of value Eρ = 1ρ . This also implies an upper length
scale to which the theory can be considered valid. Since general relativity has
been tested to length scales of the size of the universe, one can guess that in
this picture, the value of ρ must be at the very least larger than the radius
of the observable universe, if not larger. However, this analogy is to be taken
with caution as the theory here is not a usual quantum field theory, but a
topological one. Also, if it were still a good approach, one would inevitably
run into issues with quantisation as the cutoff implies the absence of the usual
trivial infrared fixed point. In any case, the global factor of 1
ρ
in all actions
does strike my interest. Only a fully quantum analysis will be able to answer
all of the questions mentioned thus far.
Overall, many interesting venues of study remain open in this topic. The now
available actions for gauge fields need to be analysed further to ensure they
do give rise to the same quantum theory. More generally, quantum versions
of these topological theories must be found. Additionally, it would be inter-
esting to study the role of the singleton representations in this theory and
their relation to gravity, as both kinds of fields have to couple universally to
others. This would need a description in terms of the conformal boundary of
the spacetime, thus delving even further into the AdS-CFT correspondence
which one suspects to play a role in a theory with internal AdS group. This
goes back to Fukuyama, who derived the SO(2, 3)-symmetry from a conformal
model which breaks down to an AdS-invariant system. Finally, the similarities
between Higgs-Chern-Simons forms and MMSW are intriguing and suggest
further connections between gravity and topological theories.
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The role of MMSW is a connection between the traditional world of local
metric theories of gravitation and the emergent area of topological gravity.
It does not, however, give the gauge theoretic description of gravity that it
seems to provide at first glance. Its importance of MMSW is thusthat of an
interesting reformulation which, however, comes with many problems.
In my opinion, the theory has many features which are at least equally balanced
out by striking issues. The ease with which it can be extended from EG, its
superficial removal of UV divergences and natural mass terms initially give an
impression of a promising concept which is held back by its complications with
coupling. If these problems can be overcome in a satisfactory way, then one
should pick up studies in this topic again.
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6 Appendix
6.1 Conventions
Here, I will declare some of the conventions I use in the thesis. Through-
out it, I use a, b, c, d, e, or lower Latin indices, for component expressions of
the algebra so(1, 3), running from 0 to 3, and similarly, capital Latin indices
A,B,C,D,E, . . . for ones of so(2, 3).These run in 0, 1, 2, 3, 5, as is conven-
tional. In addition, I work in four-dimensional spacetime manifolds, whose
coordinates I index with lower greek glyphs αβγ . . . which run from 0 to 3.
I use natural units, so that only mass dimensions are given. I assign, for differ-
ential forms, [dxµ] = −1 and [ ∂
∂xµ
] = +1, so that taking an exterior (covariant)
derivative results in no change of mass dimension - [d] = [D] = 0. I also often
use the notation D˙ to denote the covariant derivative with respect to a Lorentz
connection.
6.1.1 Lie algebras
I often work with multiple indefinite orthogonal groups in this thesis. [30,28]
Given a symmetric bilinear form of signature (p, n − p) on an n-dimensional
real vector space, most often in terms of a matrix with respect to some fixed
basis, SO(p, n− p) is the group of matrices that leave the bilinear form, or its
matrix, invariant. The most important case here is n = 5, p = 2, where the
bilinear form’s matrix is ηAB = diag[1,−1,−1,−1, 1]. The group matrices X
thus satisfy the defining relation
XAC η
CDXBD = η
AB (6.1)
The group SO(2, 3) is a Lie group - it is a differentiable manifold in addition
to being a group. It thus admits the well-known Lie correspondence to its Lie
algebra so(2, 3), defined as the set of left-group-action-invariant vector fields
and identified with the tangent space of SO(2, 3) at the identity. I use the
standard basis and its commutation relations: [29]
[MAB,MCD] = (ηACMBD + ηBDMAC − ηADMBC − ηBCMAD) (6.2)
and similarly for explicit representations of those generators but with a −i in
front of the braces, by assigning pi(MAB) = TAB = itab, where, tab are the
physics conventional generators. This gives for the structure constants
fAB,CDKL = η
BCδAKδ
D
L + η
ADδBKδ
C
L − ηBDδAKδCL − ηACδBKδDL (6.3)
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In particular, note that if A ∈ {0, 1, 2, 3, 5}, so the AdS algebra, one has
[M5a,M5d] = (η55Mad + ηadM55 − η5dMa5 − ηa5M5d) (6.4)
= η55Mad (6.5)
I use the commutator of Lie algebra-valued forms often. It is defined with
respect to a general Lie algebra with generators Ta, for a p-form ω = Ta ⊗ ωa
and a q-form η = Ta ⊗ ηa, as [12]
[ω, η] = ω ∧ η − (−1)pqη ∧ ω (6.6)
= [Ta, Tb]⊗ ωa ∧ ηb = f cab Tc ⊗ ωa ∧ ηb (6.7)
One can use this in the covariant derivative of a Lie algebra-valued form ω,
defined as
Dω = dω + [A, ω] (6.8)
= Ta ⊗ (dωa + fabcAb ∧ ωc) (6.9)
With this, one can use an equivalent of the Stokes theorem for this covariant
derivative: [2](See, in particular, a footnote on p.25 of the reference)∫
D(ωAB ∧ (~η)AB) =
∫
d(ωAB ∧ (~η)AB) (6.10)
=
∫
(Dω)AB ∧ (~η)AB + (−1)p
∫
ωAB ∧ (D ~ η)AB (6.11)
For the Killing form of SO(2, 3), I use
KAB,CD = −1
6
fEFAB,GHf
GH
CD,EF = (ηACηBD − ηADηBC) (6.12)
so that, in the fundamental representation, where I use the generators
(MAB)CD = KAB,CD (6.13)
so that
tr(MABMCD) = −2KAB,CD (6.14)
and
tr(ΣABΣCD) = KAB,CD (6.15)
in the physics convention for the 4-irrep, defined below.
6.1.2 Clifford algebra
In this thesis, I use only the complexified Clifford algebra Cl1,3(R)C, for which
I get identities from Schwartz [29]. It is defined through the generating elements
γa, which satisfy
{γa, γb} = 2ηab (6.16)
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with ηab = diag[1,−1,−1,−1] and the unit 4×4 matrix suppressed. I also use
γ5 := −iγ0γ1γ2γ3 (6.17)
which anticommutes with all the other generators:
{γµ, γ5} = 0 (6.18)
When talking of γA, I will refer to the set {γµ, γ5}.
As a representation of the generators of so(1, 3), I use
Σab =
i
4
[γa, γb] (6.19)
I use the Weyl representation of this algebra unless mentioned otherwise. In
this basis, one has
γ0(γb)†γ0 = γb (6.20)
and similarly
γ0(Σab)†γ0 = Σab (6.21)
Using these properties, the objects introduced here can be used for a repre-
sentation of the Lie algebra of SP (4,R), the double cover of the AdS isometry
group:
Set Πa := γ
a
2
. Then
[Πa,Πb] =
1
4
[γa, γb] = −iΣab. (6.22)
Thus, the collection ΣAB = (Σab,Πa) give a representation in the style of
so(2, 3) by assigning Σ5a = Πa. Note that Σ is in the physics convention.
I sometimes use Feynman slash notation:
/V := V AγA (6.23)
which has nice geometrical properties, both under traces and as-is. For exam-
ple:
/V /W = η(V,W )− 2iΣABV AWB. (6.24)
/V /V = η(V,W ) = V AVA. (6.25)
I also define the AdS projection operators [35]
P± = 1±
τA
ρ
γA
2
=:
1± /τ
2
(6.26)
where τ is the tangency point map, satisfying τAτA = 1. One can check that
this is indeed a projection:
P+P+ = 1 + /τ
2
1 + /τ
2
=
1 + 2/τ + /τ/τ
4
=
1 + /τ
2
= P+ (6.27)
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and similarly for others.
6.2 Levi-Civita identities
The totally antisymmetric Levi-Civita symbol in N dimensions is given ab-
stractly as (pi) = sign(pi), where pi is a permutation of a set of N elements.
In practice, this means for example in 4D that 1234 = 1 on the set {1, 2, 3, 4}
and the remainder of the symbol is determined by complete antisymmetry and
thus cyclicity.
In the course of this thesis, I use several identities which I will give in a sug-
gestive form each. [37,38,39]
a1···akbk+1···bN 
a1···akck+1···cN = k! δck+1···cNbk+1···bN (6.28)
with the generalised Kronecker delta given as the determinant of the matrix
with entries M ij = δ
ci
bj
or
δc1···cmb1···bm =
∑
pi∈Sm
sign(pi)δc1bpi(1) · · · δcmbpi(m) (6.29)
For example,
δabcd = δ
a
c δ
b
d − δadδbc
δrskabc = δ
r
aδ
sk
bc + δ
r
bδ
sk
ca + δ
r
cδ
sk
ab
= δraδ
s
bδ
k
c + δ
r
bδ
s
cδ
k
a + δ
r
cδ
s
aδ
k
b − δraδscδkb − δrbδsaδkc − δrcδsbδka
(6.30)
In particular, one gets from (6.28)
abcd
rskd = δrskabc
abcd
rscd = 2! δrsab = 2(δ
a
c δ
b
d − δadδbc)
abcd
rbcd = 3!δra
abcd
abcd = 4!
(6.31)
and similarly for the 5D Levi-Civita symbol. Determinants. Be A = (Aab )ab an
N ×N matrix.
b1···bNAa1b1 · · ·AaNbN = det(A)a1···aN (6.32)
In particular,
det(A) =
1
N !
a1···aN 
b1···bNAa1b1 · · ·AaNbN (6.33)
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6.3 The internal hodge dual
Here, I discuss a few properties of the internal hodge dual defined, in a basis
{eA}, A ∈ {1, 2, 3, 4, 5}, as
~ : Λp(R2,3)→ Λ4−p(R2,3) (6.34)
1
p!
V A1···ApeA1 · · · ∧ eAp 7→
1
(4− p)!p!
A1···A4−p
B1···BpEV
B1···BpτE eA1 · · · ∧ eA4−p
(6.35)
where indices are raised with the standard metric ηAB and τA fulfils τAτA = 1.
For p = 5 there is no obvious way to define it, which will make sense given the
examples later.
Consider first, the cases p = 1, 2, which are relevant to this thesis. They have
the expressions
(~V )ABC = ABCDEV DτE (6.36)
(~F )AB = ABCDEFCDτE (6.37)
respectively. One immediately notices that (~V )ABCτA = 0 = (~F )ABτA ,
so that the duals are orthogonal to τA. Furthermore, one can take the double
dual:
(~2V )A = −(V A − (τCV C) τA) (6.38)
(~2F )AB = FAB + τAFBEτE − τBFAEτE (6.39)
One can see that a part of the expression is always the original component.
Indeed, if V AτA = 0 = FAEτE, then this reduces to (~2V )A = −V A and
(~2F )AB = FAB, just like a dual should. As such, one can see the internal star
as a dual on a subspace of the exterior algebra defined through V A1···ApτAp = 0.
On the complement of the algebra under this condition, the double dual van-
ishes, as can be seen from V A = a τA:
(~2V )A = −(aτA − (a) τA) = 0 (6.40)
One can get an intuition behind this operation from a simple, three-dimensional
analogue. Namely, consider a sphere bundle, as a subbundle of an R3-bundle,
over some manifold. Take τ to be a section of the sphere bundle, realised as
a vector field which satisfies τ iτi = 1 everywhere. This can be visualised as
a unit sphere embedded around the origin of R3 and a vector connecting the
origin and some point on it. That vector will be dependent on the manifold
point and move around smoothly on the sphere as one changes it.
With this setting, the internal hodge dual of a vector field V , a section of the
R3-bundle, will be given by
(~V )i = ijkV jτ k (6.41)
(~2V )i = −(V i − (τ · V ) τ i) (6.42)
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Obviously, this is just the vector cross product with τ . One can thus see
that the double dual of V is just its component tangential to the sphere. More
generally, the double dual is the part of the form in question that is orthogonal
to the tangency map τ with respect to the ambient metric. In the case of the
sphere, this tangency vector is everywhere orthogonal to the surface, which
of course depends on the embedding of the spheres into the ambient spaces.
While the analogy is not exact, one may think of the double dual of a form to
be, just as well, the part tangential to the manifold one is describing with τ . In
the relevant case of the thesis, this would be the part of the forms tangential
to AdS4. As such, it is the part that can be thought of to only consist of
forms on the AdS-space. This construction thus "emulates" a Hodge dual on
AdS4 through the ambient space. As a word of caution, though, one needs to
remember that this construction is highly dependent on the way the internal
spaces are embedded into their ambient ones. A more careful consideration is
needed to decide if the properties of this dual are independent of it, and in
which way. However, this is not in the scope of this thesis and will not be done
here.
This section is closed with some useful formulas.
~(Dτ)abc =
−ρ
3!
abcdθ
d
~(Dτ ∧Dτ)ab = ρ
2!
abcdθ
c ∧ θd
~(Dτ ∧Dτ ∧Dτ)a = −ρ
1!
abcdθ
b ∧ θc ∧ θd
~(Dτ ∧Dτ ∧Dτ ∧Dτ) = 4!ρ vol
(6.43)
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